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Abstract
We study collisions of massive pointlike particles in three dimensional anti-de
Sitter space, generalizing the work on massless particles in [1]. We show how to
construct exact solutions corresponding to the formation of either a black hole or
a conical singularity from the collision of an arbitrary number of massive particles
that fall in radially and collide at the origin of AdS. No restrictions on the masses or
the angular and radial positions from where the particles are released, are imposed.
We also consider the limit of an infinite number of particles, obtaining novel timelike
thin shell spacetimes. These thin shells have an arbitrary mass distribution as well
as a non-trivial embedding where the radial location of the shell depends on the
angular coordinate, and we analyze these shells using the junction formalism of general
relativity. We also consider the massless limit and find consistency with earlier results,
as well as comment on the stress-energy tensor modes of the dual CFT.
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1 Introduction
It is a remarkable fact that there exists non-trivial analytic solutions of Einstein’s
equations, the most well known being spherically symmetric black holes and the
Schwarzschild metric. However, in time-dependent situations, particularly in the pro-
cess of collapse of matter that forms a black hole, analytic solutions are very hard to
find. Studying formation of black holes thus often requires us to resort to numerical
methods, which can be very difficult except for problems with a lot of symmetry.
Having access to analytical toy models of black hole formation can thus be of great
value when trying to understand these processes.
Black hole formation was, not surprisingly, studied first in flat spacetime (with zero
cosmological constant), see for instance [2–4]. However, in recent years black hole
formation in anti-de Sitter space (AdS) has attracted much attention due to the
AdS/CFT correspondence [5, 6] (also called holography or gauge/gravity-duality).
According to this correspondence, black holes in (d + 1)-dimensional anti-de Sitter
space are dual to thermal states in a d-dimensional conformal field theory, and thus
the dynamical process of forming a black hole is dual to the process of thermalization
in a conformal field theory. This is a very useful observation, since studying time
dependent processes in strongly coupled quantum field theories using conventional
techniques can be extremely difficult. Many papers have now been published using
holography to study thermalizaion in conformal field theories [7–16] as well as in non-
conformal field theories [17–24].
In the case of spherical or translational symmetry, there do exist analytic solutions
corresponding to pressureless null-matter collapsing to form a black hole, the so called
Vaidya spacetimes. These metrics have been used to study black hole formation in flat
space, and the analog in anti-de Sitter space (the AdS-Vaidya metric) has been used
extensively in the context of the AdS/CFT correspondence and holographic thermal-
ization. The special case where the matter takes the shape of a infinitely thin shell is
of particular importance, and the AdS-analog has been used in the study of thermal-
ization after an instantaneous quench in the dual field theory [7, 19, 25]. Spacetimes
with timelike shells collapsing to form black holes (including shells with non-zero
pressure) in AdS have also been studied [26–28]. However, all of these constructions
suffer from the disadvantage that the setups have spherical or translational symmetry.
Another interesting toy model of black hole formation, which only works in three
dimensions, is that of colliding pointlike particles. This was first studied in [29], and
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the author found that when two pointlike particles collide a BTZ black hole [30, 31]
can form if the energy is large enough. This process has also been studied from a
holographic perspective [32,33]. In [1], more general solutions consisting of many col-
liding massless particles without symmetry restrictions were studied. Furthermore, a
connection to thin shell spacetimes was obtained by building a shell of lightlike matter
by taking the limit of an infinite number of massless pointlike particles. Interestingly,
this construction resulted in generalizations of the thin shell AdS3-Vaidya spacetimes,
which are not rotationally symmetric.
In this paper we will extend the results of [1] to the case of massive particles. We will
show, by using similar techniques, how to construct spacetimes corresponding to an
arbitrary number of massive pointlike particles colliding in the center of AdS3. The
particles will generically have different rest masses and be released from arbitrary
angles as well as from arbitrary radial positions. We will then take the limit of an
infinite number of particles and obtain thin shell spacetimes corresponding to (non-
rotationally symmetric) timelike shells collapsing to form a black hole (or to a conical
singularity). Since the particles can now be released from different radial positions,
the shells are specified by two free functions: the rest mass density as well as the
maximal radial location of the shell (corresponding to the initial radial position of
the particles). This should be compared to the lightlike case, where there is only one
free function which specifies the energy density. This non-trivial embedding of the
shells makes the computations significantly more involved compared to the lightlike
shells. Spacetimes with spherically symmetric massive thin shells collapsing to form
black holes have been studied before [27, 28], but the solutions constructed in this
paper are the first examples of massive thin shells which break rotational symmetry.
We also comment on the massless limit and the dual CFT description, in particular
reproducing some of the results in [1].
The paper is organized as follows. In Section 2 we review our coordinates and con-
vention for AdS3. In Section 3 and Section 4 we review how to construct pointlike
particles and BTZ black holes by identifying points in AdS3. In Section 5 we explain
how to construct spacetimes with colliding pointlike particles. In Section 6 we take the
limit of an infinite number of particles and show how a thin shell spacetime emerges.
In Section 7 we analyze these thin shell spacetimes using the junction formalism, no-
tably computing the stress-energy tensor of the shell. In Section 8 we explore the
massless limit. In Section 9 we explain some numerical algorithms used when con-
structing the solutions in this paper. Appendices include some lengthy derivations as
well as a summary of the notation used in this paper.
2 Three-dimensional anti-de Sitter space
Anti-de Sitter (AdS) space is the maximally symmetric solution of Einsteins equations
with negative cosmological constant. It can also be constructed as an embedding in a
higher dimensional Minkowski space with two time directions. For three-dimensional
AdS (AdS3), the ambient space is four dimensional Minkwoski space with signature
4
(−,−,+,+), and the embedding equation takes the form
x23 + x
2
0 − x21 − x22 = `2, (2.1)
where ` is the AdS radius, related to the cosmological constant by Λ = −1/`2. The
ambient space has the metric
ds2 = dx21 + dx
2
2 − dx23 − dx20, (2.2)
which induces a metric on the submanifold. To parametrize this manifold, one can
use the coordinates (t, χ, φ) defined by
x3 = ` coshχ cos t, x0 = ` coshχ sin t,
x1 = ` sinhχ cosφ, x2 = ` sinhχ sinφ,
(2.3)
where t is interpreted as a time coordinate, χ a radial coordinate and φ an angular
coordinate. The spacetime so defined has closed time-like curves, and to solve this
issue one “unwinds” the time coordinate, effectively dropping the periodicity of t. The
ranges of the coordinates are then 0 ≤ χ ≤ ∞, 0 ≤ φ < 2pi and −∞ < t < ∞. The
boundary of AdS is located at χ→∞ and we will refer to the point χ = t = 0 as the
origin. The metric is
ds2 = `2
(− cosh2 χdt2 + dχ2 + sinh2 χdφ2) . (2.4)
From now on we will set ` = 1. For figures in this paper, we will use a different
parametrization of the radial coordinate, namely r = tanh(χ/2) with 0 ≤ r ≤ 1.
With this parametrization, the metric at constant time t takes the form of a Poincare´
disc.
A very useful property of AdS3 is that it is locally
1 isomorphic to SL(2,R), the group
manifold of real 2×2 matrices with unit determinant (which we will for simplicity for
now on refer to as just SL(2)). Following [29], we define the basis
γ0 =
(
0 1
−1 0
)
, γ1 =
(
0 1
1 0
)
, γ2 =
(
1 0
0 −1
)
. (2.5)
We can then expand an arbitrary matrix as x = x31+γax
a, and the condition of unit
determinant yields the embedding equation (2.1) (note that indices are here lowered
and raised by ηab = diag(−1, 1, 1)). The isometries of AdS3 can now be implemented
by left and right multiplications as
x→ g−1xh g,h ∈ SL(2). (2.6)
We will use this technique repeatedly to generate isometries of AdS3. Note that in
the coordinates (2.3), the matrix x takes the form
x = coshχ cos t+ coshχ sin tγ0 + sinhχ cosφγ1 + sinhχ sinφγ2
= coshχω(t) + sinhχγ(φ), (2.7)
where we have defined the convenient matrices
ω(α) = cosα+ sinαγ0, γ(α) = cosαγ1 + sinαγ2. (2.8)
1SL(2,R) is isomorphic to AdS3 before unwinding the time coordinate. This will not be an issue for any
of the computations in this paper.
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2.1 Geodesics
We will now illustrate the power of the isomorphism of AdS3 and the group manifold
SL(2) by computing timelike and lightlike geodesics. Starting with the static geodesic
located at χ = 0, we can apply isometries of AdS3 to generate any timelike geodesic.
The isometries are generated using equation (2.6) with g = h = u, where the group
element u = e−
1
2
ζγ(ψ−pi/2) = cosh 12ζ − γ(ψ − pi/2) sinh 12ζ, and γ is given by (2.8).
Computing x˜ = u−1xu results in the equations
cos t˜ cosh χ˜ = cos t coshχ,
sin t˜ cosh χ˜ = coshχ sin t cosh ζ − sinhχ sinh ζ cos(φ− ψ),
sinh χ˜ cos φ˜ = − coshχ sinh ζ sin t cosψ + sinhχ(− sinψ sin(φ− ψ) + cosh ζ cosψ cos(φ− ψ)),
sinh χ˜ sin φ˜ = − coshχ sin t sinh ζ sinψ + sinhχ(cosh ζ cos(φ− ψ) sinψ + sin(φ− ψ) cosψ).
(2.9)
It can now be shown that the static geodesic at χ = 0 transforms into the oscillating
timelike trajectory tanh χ˜ = − tanh ζ sin t˜ with φ˜ = ψ. Of course, (ψ, ζ) is the same
transformation as (ψ + pi, −ζ). Note also that, for tanh ζ sin t˜ > 0, we have χ˜ < 0.
We can thus choose either to allow for negative χ˜ or rotate the angle by pi radians
whenever tanh ζ sin t˜ > 0.
Note also that in the unprimed coordinates, the proper time τ of a stationary particle
at the origin χ = 0 is given by τ = t, and thus we can use this to express the trajectory
of a moving particle in terms of the proper time. By taking the ratio of the first and
second equations in (2.9), after setting χ = 0, we obtain
tan t˜ = tan τ cosh ζ. (2.10)
From the third equation after setting φ˜ = ψ we obtain
sinh χ˜ = − sin τ sinh ζ. (2.11)
We can also derive the useful relation
cosh χ˜ =
cos τ
cos t˜
=
√
cos2 τ + sin2 τ cosh2 ζ. (2.12)
Massless geodesics can be obtained by taking ζ → ∞, and these take the form
tanh χ˜ = − sin t˜.
3 Pointlike particles in anti-de Sitter space
In three-dimensional anti-de Sitter space, a static pointlike particle will take the form
of a conical singularity at the origin of AdS3. We can easily construct it by cutting
out a piece of geometry and identifying the edges of this piece by a rotation, see Fig.
1 (we would like to remind the reader that all figures in this paper uses the compact-
ification of the radial coordinate mentioned after equation (2.4)). More generally, if
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we have a particle moving along some geodesic, we can excise a piece of geometry that
induces a conical singularity along the world line of this particle, and the edges of this
piece are then identified by some non-trivial isometry of AdS3 that has the geodesic
as fixed points. We will refer to all such excised pieces of geometry, that induce some
conical deficit along a geodesic, as wedges, and for the special case of a static particle
at the origin of AdS3 we will refer to them as static wedges. The element in SL(2)
that induces the isometry is called the holonomy of the particle. In this section, we
will construct moving pointlike particles by boosting the static particle, using the
isometry (2.9).
We thus start with a static particle as in Fig. 1, with a wedge bordered by two
surfaces w± at angles φ±. We will now boost this spacetime along a direction ψ
(dashed line in Fig. 1). The most common construction of a moving pointlike particle
would be to align the wedge such that the boost parameter ψ is right in between
φ+ and φ−. We will refer to this parametrization as a symmetric wedge. However,
this is just an arbitrary choice of coordinates, and it is possible to have many other.
In this paper we will be interested in a one-parameter family of wedges, which are
obtained by boosting a static wedge along an arbitrary direction. To this end, we
write φ± = ψ ± ν(1 ± p), such that a symmetric wedge is obtained by setting p = 0
and the deficit angle is given by 2ν. When applying the boost, we thus obtain a
family of wedges parametrized by a continuous parameter p (note that p has no real
physical meaning, and is analogous to a choice of coordinates). By using (2.9), it can
be shown that (see [1] for a more detailed derivation), after applying a boost with
boost parameter ζ, the surfaces w˜± bordering the wedge can be parametrized by
tanh χ˜ sin(−φ˜+ Γ± + ψ) = − tanh ζ sin Γ± sin t˜, (3.1)
where
tan Γ± = ± tan((1± p)ν) cosh ζ. (3.2)
In these formulas it is again clear that (ψ, ζ) is equivalent to (ψ+pi, −ζ). If we insist
on positive radial coordinate χ, the ranges of the parameters are
φ˜ ∈ (ψ, arcsin(tanh ζ sin Γ± sin t) + ψ + Γ±), (3.3)
for sin t˜ < 0, and
φ˜ ∈ (arcsin(tanh ζ sin Γ± sin t) + ψ + Γ±, ψ ± pi), (3.4)
for sin t˜ > 0. For sin t˜ = 0 we have φ˜ = ψ + Γ±. An illustration of a boosted particle
with p 6= 0 (non-symmetric parametrization), obtained by boosting Fig. 1 along
ψ = pi with ζ = 1.5, is shown in Fig. 2. The holonomy of the particle (meaning the
group element h such that w˜− = h−1w˜+h) can be computed as
h = cos ν + γ0 cosh ζ sin ν − sinh ζ sin νγ(ψ). (3.5)
The massless limit is obtained by letting ζ →∞ and ν → 0, such that sinh ζ tan ν →
E. The wedges are then given by
tanh χ˜ sin(−φ˜+ Γ± + ψ) = − sin Γ± sin t˜, (3.6)
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Figure 1: A static particle in AdS3. A wedge has been removed, and the surfaces w− and
w+ are identified by a rotation, resulting in a spacetime with a conical singularity with
deficit angle α. The wedge is not located symmetrically around φ = 0, so a boost in this
direction will result in a moving pointparticle constructed by excising a wedge not located
symmetrically around its trajectory (see Fig. 2).
where
tan Γ± = (p± 1)E. (3.7)
The holonomy then turns into
h = 1 + E(γ0 − γ(ψ)). (3.8)
3.1 The stress-energy tensor of a pointlike particle
In this section we will compute the stress-energy tensor of a pointlike particle. We
will first compute it for a static particle, and then obtain the stress-energy tensor for
a moving particle by applying a boost. For a static particle, the stress energy tensor
takes the form
T ττ = T tt = mδ(2)(xµ). (3.9)
8
w+
w−
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t=3pi/4
Excised geometry Allowed spacetime
Figure 2: A moving massive particle, obtained by cutting out a wedge from AdS3. The
wedge in this example is not located symmetrically around the trajectory of the particle,
meaning the parameter p in equation (3.2) is non-zero.
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Recall that τ = t is the proper time at the origin of AdS3. δ
(2) is the standard
two-dimensional delta function at the center of AdS3 such that the area integral on
a constant time slice is equal to one. Assuming we have a conical singularity at the
origin with conical deficit α, we want to relate m and α. The Einstein equations take
the form
Rµν − 1
2
Rgµν + Λgµν = 8piGTµν , (3.10)
where G is Newtons constant in three dimensions. From this we can derive
R = 6Λ + 16piGmδ(2)(xµ), (3.11)
by taking the trace. By now decomposing the metric as gtt = f(χ), gti = 0 and
gij = γij(χ) it can be shown that for the two-dimensional Ricci scalar on a constant
time slice, we have (2)R = 16piGmδ(2)(xµ)+(finite terms). Now consider a small disc
D of radius χ around the origin. The geodesic curvature around the edge of the disc
is kg = cothχ. Now from the Gauss-Bonnet theorem, as χ→ 0, we obtain
2pi − α = lim
χ→0
∫ 2pi−α
0
kgds = 2piχ(D)− lim
χ→0
1
2
∫
D
(2)R = 2pi − 8piGm, (3.12)
and thus α = 8piGm, which is the same result as in [34]. Thus it may be appropriate
to refer to the deficit angle α as the mass of the particle. Note that we also used that
the Euler characteristic χ(D) of a disc is 1, as can be easily seen from Euler’s formula
for a triangle.
We have seen that a moving pointlike particle can be obtained by applying a boost,
and thus we can now obtain the stress-energy tensor by applying the boost to the
static stress-energy tensor. The transformation will be given by (2.9) and for clar-
ity we will denote the coordinates in the boosted coordinate system by (t˜, χ˜, φ˜) to
distinguish them from the static coordinates (t, χ, φ). Recall that t coincides with
the proper time of the static particle. Let us first figure out what the delta func-
tion looks like, which we will denote by δψ,ζ . The delta function will be taken to be
proportional to δ(φ˜−ψ)δ(tanh χ˜+ sinh ζ sin t˜), such that it singles out the trajectory
tanh χ˜ = − sinh ζ sin t˜ and φ˜ = ψ. Note that since this is a two-dimensional delta func-
tion in a three-dimensional space, the normalization must be such that
∫
δψ,δ = ∆τ ,
where ∆τ is the elapse in proper time along the geodesic that is inside the domain of
the integral (the domain can be taken as a very thin tube covering a segment of the
world line of the particle). It can be easily shown that
δψ,ζ =
δ(φ˜− ψ)δ(tanh χ˜+ tanh ζ sin t˜)
cosh χ˜ sinh χ˜ cosh ζ
, (3.13)
satisfies ∫
D
√−gδψ,ζdφ˜dχ˜dt˜ = ∆τ, (3.14)
where D is some region that covers ∆τ of proper time of the particles trajectory. The
stress-energy tensor is now given by Tµν = T ττ x˙µx˙ν . For the transformation of the
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stress-energy tensor, we have the relations ˙˜χ = − sinh ζ cos t˜ and ˙˜t = cosh ζ/ cosh2 χ˜,
which gives us finally
T t˜t˜ = m cosh
2 ζ
cosh4 χ˜
δψ,ζ ,
T χ˜t˜ = −m cosh ζ sinh ζ cos t˜
cosh2 χ˜
δψ,ζ ,
T χ˜χ˜ = m sinh2 ζ cos2 t˜δψ,ζ ,
(3.15)
while all other components vanish.
4 The BTZ black hole
In this section we will briefly review the construction of the BTZ black hole [30, 31]
that will be useful for our purposes. The discussion follows closely that of [1]. The
BTZ black hole can be constructed by doing an identification of points in AdS3, similar
to that of a conical singularity. The identification will now have a spacelike geodesic
as fixed points, as opposed to when constructing a conical singularity where the set
of fixed points is a timelike geodesic. We will refer to this set of fixed points as the
singularity of the black hole. For our purposes, the singularity will be a general radial
geodesic passing through the origin of AdS3, but we will start by choosing the simple
radial geodesic given by φ = 0 and t = 0 and then apply a set of isometries to obtain a
singularity given by a more general spacelike geodesic. The isometry we will pick that
leaves this geodesic invariant is given by u = eµγ1 = coshµ + γ1 sinhµ. We can now
define a region of AdS3, bordered by two surfaces w±, and then cut out everything
outside this region and make sure that these two surfaces are identified by the isometry
as uw− = w+u. If we write the equations for w± as w± = coshχω(t)+sinhχγ(φ), and
we assume that the two surfaces w± are located symmetrically around the singularity,
the coordinates must satisfy
w± : tanhχ sinφ = ∓ sin t tanhµ. (4.1)
We will also be interested in surfaces w± that are not symmetric around the singu-
larity. This can be obtained by acting with an isometry of the form e−
1
2
ξγ1 for some
parameter ξ. This group element also has the same radial geodesic as its fixed points,
and after applying this isometry, the equations for the surfaces are instead
w± : tanhχ sinφ = ∓ sin t tanh(µ± ξ). (4.2)
Now we would like to apply another isometry to change the singularity to a more
general geodesic. This can be obtained by applying the boost e
1
2
ζγ2 . This is the same
type of isometry as was used in Section 3 and will transform the singularity such that
it now obeys tanhχ = − sin t cosh ζ. After also applying a rotation such that the
singularity is along an arbitrary angle ψ, it can be shown that the surfaces now take
the form
w± : tanhχ sin(−φ+ Γ± + ψ) = − sin Γ± coth ζ sin t, (4.3)
where
tan Γ± = ∓ tanh(µ± ξ) sinh ζ. (4.4)
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Note the resemblence to the equations for the moving pointlike particle, (3.1) and
(3.2).
Another useful parametrization of the surfaces w± is to move to a different set of
coordinates where the metric takes the form of a black hole metric with unit mass.
The piece bordered by w± will then take the form of a circle sector, but defined
in a BTZ black hole background. These coordinates can be obtained by a differ-
ent parametrization of the embedding equation (2.1). We start by parametrizing
x0 = ρ cosh y and x2 = ρ sinh y. It can then be shown that the isometry u just acts
as a translation by y → y − 2µ, and thus the surfaces w±, given by (4.1), are just
planes at constant values of y, bordering a circle sector with opening angle 2µ. Note
that this only parametrizes a subset which satisfies |x0| > |x2|, but this inequality is
always obeyed by the spacetime defined by (4.1). Our embedding equation (2.1) has
thus turned into
x23 − x21 = `2 − ρ2. (4.5)
It is clear that, to continue, we must decide if ρ is larger or smaller than `. For ρ < `,
we have the parametrization x1 =
√
`2 − ρ2 sinh(σ/`) and x3 =
√
`2 − ρ2 cosh(σ/`).
For ρ > `, we can choose the parametrization x1 =
√
ρ2 − `2 cosh(σ/`) and x3 =√
ρ2 − `2 sinh(σ/`). They both lead to the metric
ds2 = −(−1 + ρ
2
`2
)dσ2 +
dρ2
−1 + ρ2
`2
+ ρ2dy2. (4.6)
Thus we conclude, that the surfaces defined by (4.3), can, by a series of coordinate
transformations, be mapped to static circular sectors in a BTZ black hole background
with unit mass, where the circular sectors will have opening angle 2µ. Moreover, let
us now consider the case where we have many such wedges, defined by wi±, where
instead of having wi− and wi+ being identified, we have that wi− is identified with
wi−1+ . It is then clear that the whole spacetime can be transformed to a set of circular
sectors in a black hole background with unit mass, where each circle sector is linked
to the next one. This spacetime then has a total angle of α =
∑
i 2µi. Rescaling the
coordinates by y → αy/(2pi), σ → ασ/(2pi) and ρ→ 2piρ/α yields the metric
ds2 = −(−M + ρ
2
`2
)dσ2 +
dρ2
−M + ρ2
`2
+ ρ2dy2, (4.7)
where the mass M = α2/(2pi)2 and y has the standard range from 0 to 2pi.
Another coordinate system that we will use, can be obtained by defining ` coshβ = ρ.
This is only defined for ρ > ` and thus only covers the region outside the event horizon.
After rescaling σ → `σ, the metric takes the form
ds2 = `2(− sinh2 βdσ2 + β2 + cosh2 βdy2), (4.8)
which is reminiscent of (2.4) which is why we will find this coordinate system useful.
We will set ` = 1 in the remainder of this paper.
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5 Colliding massive particles
We will now explain how to construct a spacetime where a number of massive point-
like particles collide to form a single joint object (either a new particle or a black
hole). We will assume that all particles move on radial geodesics and that they all
collide at the origin of AdS3, (χ = 0, t = 0). Before tackling the general case, we will
first look at a much simpler setup where two massive particles collide head-on.
5.1 Colliding two particles
We will now consider the simplest example of two colliding particles, with deficit
angles (in their respective rest frames) given by 2νi and their boost parameters are
given by ζi, where i = 1, 2. The particles will always be assumed to be colliding
head-on in the center of AdS (meaning that the first particle comes in along an angle
ψ1 = 0 and the second particle along ψ2 = pi, and the particles are both created
at the boundary at time t = −pi/2). It should be pointed out that in the case of
massless particles, it is possible to move to a center of momentum frame such that
both particles have the same energy. For massive particles however, each particle has
two independent parameters (the rest mass and the boost parameter), thus it is not
in general possible to move to a frame where ν1 = ν2 and ζ1 = ζ2. The best we can
do is to reduce the number of free parameters to 3. We will later use this freedom to
pick parameters such that
tan ν1 sinh ζ1 = tan ν2 sinh ζ2 ≡ E, (5.1)
which can be interpreted as the center of momentum frame for this process and will
see simplify the computations considerably. For discussion purely of the (massless)
two-particle case with equal energies, we refer the reader to [29] and a brief discussion
of colliding massive particles can be found in [35].
The two particles will be constructed by excising a wedge, as explained in Section
3. Both wedges will be located behind and symmetrically around each particles tra-
jectory, meaning that p1 = p2 = 0 (see equation (3.1)). This is a consequence of the
reflection symmetry in the φ = 0 plane, and we will see that in the general case for
more particles and without any symmetry restrictions, we will need to use general
wedges with pi 6= 0. The first wedge is thus bordered by two surfaces w±1 given by
tanhχ sin(−φ+ Γ1±) = − tanh ζ1 sin Γ1± sin t, (5.2)
where
tan Γ1± = ± tan ν1 cosh ζ1. (5.3)
The wedge of the second particle is bordered by two surfaces given by
tanhχ sin(−φ+ Γ2±) = tanh ζ2 sin Γ2± sin t, (5.4)
where
tan Γ2± = ± tan ν2 cosh ζ2. (5.5)
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Past the collision, there is a natural way to continue this spacetime such that the two
particles merge and form one joint object, namely by identifying the intersection I1,2
between w1+ and w
2− and the intersection I2,1 between w2+ and w1− as the new joint
object (note that, due to the identifications of the wedges and the reflection symmetry
in the φ = 0 plane, these two intersections are really the same spacetime point). Thus
the spacetime after the collision is now composed of two separate patches, which are
glued to each other via the isometries of the particles. Let us call these two wedges
of spacetime c1,2 and c2,1. c1,2 is bordered by the surfaces w
1,2
− = w1+ and w
1,2
+ = w
2−,
while c2,1 is bordered by w
2,1
− = w2+ and w
2,1
+ = w
1−. These two wedges can now
be identified as being part of either a conical singularity spacetime, or a black hole
spacetime, by matching the equations of these wedges to that of either (3.1) and (3.2),
or that of (4.3) and (3.7), respectively. The easiest way to see if we have formed a
massive pointlike particle (conical singularity) or a black hole, is to see if the resulting
radial geodesics, meaning the intersections I1,2 and I2,1, are timelike or spacelike. Let
us first compute the intersection angles φ1,2 and φ2,1. From (5.2) and (5.4) we easily
find that the intersections are given by
tanφ1,2 = − tanφ2,1 = tan ν1 tan ν2
[
sinh ζ1 cosh ζ2 + sinh ζ2 cosh ζ1
sinh ζ2 tan ν2 − sinh ζ1 tan ν1
]
, (5.6)
with the conventions 0 ≤ φ1,2 ≤ pi and pi ≤ φ2,1 ≤ 2pi. Now let us focus on the wedge
c1,2. We can write w
1,2
± in the following way
w1,2+ : tanhχ sin(−φ+φ1,2 +(Γ2−−φ1,2)) = −
tanh ζ2 sin Γ
2−
sin(φ1,2 − Γ2−)
sin(Γ2−−φ1,2) sin t, (5.7)
w1,2− : tanhχ sin(−φ+φ1,2 +(Γ1+−φ1,2)) = −
tanh ζ1 sin Γ
1
+
sin(Γ1+ − φ1,2)
sin(Γ1+−φ1,2) sin t. (5.8)
By now comparing these equations to (3.2) or (4.3), we see that we can identify
Γ1,2+ = Γ
2− − φ1,2 and Γ1,2− = Γ1+ − φ1,2 and
tanh ζ1 sin Γ
1
+
sin(Γ1+ − φ1,2)
=
tanh ζ2 sin Γ
2−
sin(φ1,2 − Γ2−)
≡
{
tanh ζ1,2, Point particle
coth ζ1,2, Black hole
(5.9)
The definition of φ1,2 ensures that the above equality holds and an analogous compu-
tation can be done for the wedge c2,1. An example of two colliding particles is shown
in Fig. 3.
We will now focus on the case where equation (5.1) holds, which we will interpret
as the center of momentum frame of the collision process, and we thus parametrize
our setup with E, ζ1 and ζ2. In this case φ1,2 = −φ2,1 = pi/2 and (5.9) is equal to
−E.
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5.1.1 Formation of a conical singularity in the center of momentum
frame
In the case of a formation of a conical singularity, we should use equation (3.2) to
compute the deficit angle. It states that
tan Γ1,2± = ± tan(ν1,2(1± p1,2)) cosh ζ1,2. (5.10)
The total deficit angle of the resulting conical singularity in the restframe is then
given by 2pi − 2ν1,2 − 2ν2,1 = 2pi − 4ν1,2. It is then straight forward to compute ν1,2
as being given by
tan(2ν1,2) = tan(ν1,2(1+p1,2)+ν1,2(1−p1,2)) = E
√
1− E2
(
tanh ζ1 + tanh ζ2
E2 + (E2 − 1) tanh ζ1 tanh ζ2
)
.
(5.11)
For E > 1 this result is no longer valid, and instead a black hole will form.
5.1.2 Formation of a BTZ black hole in the center of momentum
frame
In the case of a formation of a black hole, we should use equation (4.4) to compute
the mass of the black hole. It states that
tan Γ1,2± = ∓ tanh(µ1,2 ± ξ1,2) sinh ζ1,2. (5.12)
µ1,2 will determine the mass of the black hole (see Section 4) and we then obtain
tanh(2µ1,2) = tanh(µ1,2+ξ1,2+µ1,2−ξ1,2) = E
√
E2 − 1
(
tanh ζ1 + tanh ζ2
E2 + (E2 − 1) tanh ζ1 tanh ζ2
)
,
(5.13)
which is only defined for E > 1. Another way to see that a black hole has really
formed is to directly compute the event horizon, which is also marked in Fig. 3. It
coincides with the backwards lightcone of the last points of the wedges c1,2 and c2,1
and will be discussed in more details in Section 5.2.3.
5.2 N colliding particles
We will now go on and treat the general case and show how to construct a spacetime
corresponding to N colliding massive particles, without any symmetry restrictions
(meaning that all particles can have arbitrary rest masses, located along arbitrary
angles and be released from arbitrary radial positions). The procedure is similar to
that in the massless case carried out in [1].
We thus assume that we have N particles at angles ψi, with boost parameters ζi
and angular deficits (in the rest frame) of 2νi. All particles will then collide at
(t = 0, χ = 0), and after the collision the resulting spacetime will be given by a
set of wedges, which we will refer to the allowed geometry. We will denote the wedge
bordered by wi+ and w
i+1
− by ci,i+1. The tip of this wedge, which is the intersection
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Excised geometry
Allowed spacetime
Event horizon
Particles
Black hole singularity
Figure 3: Collision of two particles with different rest masses in the center of momentum
frame, forming a BTZ black hole.
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between wi+ and w
i+1
− , will be denoted by Ii,i+1 and will move along an angle φi,i+1.
We will refer to these wedges as final wedges while the wedges attached to the par-
ticles will be the initial wedges. However, in comparison to the two-particle case, we
can no longer attach symmetric wedges to our pointlike particles. The reason is that
generically, the intersections Ii,i+1 will not be mapped to each other by the isometries
associated to the particles (in the two-particle case this happened due to the extra
symmetries of the problem). To solve this issue, we will attach non-symmetric wedges
to each particle and thus associate a parameter pi to each one (see Section 3 and
especially equations (3.1) and (3.2)). By tuning these parameters, it turns out that
we can make sure that all the N intersections Ii,i+1 are identified as one and the
same geodesic in spacetime, and can thus be interpreted as the resulting single object
formed in the collision. Note that this gives us N conditions for our N parameters pi,
which would then naively have a unique solution. However, in practice, we will have
2N unknowns and 2N equations. The other N parameters will be the intersections
φi,i+1 and the other N equations are just the definitions of the angles φi,i+1 as being
the angle of the intersections Ii,i+1.
The wedges are thus bordered by surfaces wi±, determined by the equations
tanhχ sin(−φ+ Γi± + ψi) = − tanh ζi sin Γi± sin t, (5.14)
where
tan Γi± = ± tan((1± pi)νi) cosh ζi. (5.15)
Thus the intersection Ii,i+1 is a radial geodesic at an angle φi,i+1 given by the equation
tanh ζi sin Γ
i
+
sin(ψi + Γi+ − φi,i+1)
=
tanh ζi+1 sin Γ
i+1
−
sin(ψi+1 + Γ
i+1
− − φi,i+1)
. (5.16)
The parameters pi are determined by enforcing that the intersections Ii−1,i and Ii,i+1
are mapped to each other by the isometry ui associated to particle i, which is given
by equation (3.5). This computation is a bit more complicated, but results in the
equation (see Appendix F)
tan(piνi) =
tan(φi,i+1 − ψi) + tan(φi−1,i − ψi)
−2 cosh ζi tan(φi,i+1 − ψi) tan(φi−1,i − ψi) + cot νi(tan(φi,i+1 − ψi)− tan(φi−1,i − ψi)) .
(5.17)
We can reformulate (5.16) in terms of pi and νi by using (5.15), which gives the
equation
− sin(φi,i+1 − ψi)
sinh ζi tan((1 + pi)νi)
+
cos(φi,i+1 − ψi)
tanh ζi
=
sin(φi,i+1 − ψi+1)
sinh ζi+1 tan((1− pi+1)νi+1)
+
cos(φi,i+1 − ψi+1)
tanh ζi+1
(5.18)
We now have 2N equations for our 2N parameters pi and φi,i+1, and in practice it
seems that this system of equations can always be solved. In Section 9 we will explain
in detail how one can go about solving these equations in practice. Note also that
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when taking the massless limit νi → 0, ζi → ∞ while tan νi sinh ζi → Ei goes to a
constant, we reproduce the expressions in [1].
The geometry after the collision will now either be a black hole or a pointlike particle,
depending on if the intersections Ii,i+1 move on spacelike or timelike geodesics, re-
spectively. We will now define parameters Γi,i+1± and ζi,i+1 such that the wedge ci,i+1
can be mapped either to the form (3.1) and (3.2) or to (4.3) and (4.4). By writing
tanhχ sin(−φ+ φi,i+1 + (Γi+1− + ψi+1 − φi,i+1)) =
= − tanh ζi+1 sin Γ
i+1
−
sin(Γi+1− + ψi+1 − φi,i+1)
sin(Γi+1− + ψi+1 − φi,i+1) sin t,
(5.19)
for wi,i+1+ = w
i+1
− , and
tanhχ sin(−φ+φi,i+1+(Γi++ψi−φi,i+1)) = −
tanh ζi sin Γ
i
+
sin(Γi+ + ψi − φi,i+1)
sin(Γi++ψi−φi,i+1) sin t,
(5.20)
for wi,i+1− = wi+, we can determine the new parameters Γ
i,i+1
± by
Γi,i+1− = ψi + Γ
i
+ − φi,i+1, (5.21)
Γi,i+1+ = ψi+1 + Γ
i+1
− − φi,i+1, (5.22)
and the parameter ζi,i+1 is determined by
tanh ζi sin Γ
i
+
sin(Γi+ + ψi − φi,i+1)
=
tanh ζi+1 sin Γ
i+1
−
sin(Γi+1− + ψi+1 − φi,i+1)
=
{
tanh ζi,i+1, Point particle
coth ζi,i+1, Black hole
(5.23)
depending on if the (absolute value) of the above ratio is smaller or larger than 1.
The above equality is consistent due to the definition of φi,i+1. We are now interested
in going to the rest frame of each final wedge ci,i+1, such that they take the form of
static wedges. In the case of a formation of a massive particle, these static wedges
will be circle sectors in AdS, while in the case of a formation of a black hole the static
wedges will be circle sectors in the BTZ black hole background with unit mass. The
parameters for these wedges are obtained from (3.2) in the conical singularity case,
and from (4.4) in the case of the formation of a black hole. These circle sectors are
then glued together to form the whole spacetime, and the total angle of these circle
sectors will determine the mass of the resulting object.
5.2.1 Formation of a conical singularity
In the case of the formation of a conical singularity, we want to map each final wedge
ci,i+1 to a static wedge with parameters νi,i+1 and pi,i+1. From (3.2), we have the
relation
tan Γi,i+1± = ± tan((1± pi,i+1)νi,i+1) cosh ζi,i+1, (5.24)
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(a)
ψ1
ψ2
ψ3
t <0
(b)
φ1,2
φ2,3
φ3,1
t >0
2ν1,2
2ν2,3
2ν3,1
(c)(d)
u(ζi,i+1,φi,i+1)
α
Excised geometry Allowed spacetime
Figure 4: An illustration of how the transformation of the final geometry to static coordi-
nates is carried out. The parameters are the same as in Fig. 5. (a): The spacetime before
the collision takes place. (b): The spacetime after the collision has taken place, showing
three final wedges of allowed geometry. (c): To go from (b) to (c), we transform each wedge
with the isometry ui,i+1 discussed in Section 3, with parameters ζ = ζi,i+1 and ψ = φi,i+1.
This transforms each moving wedge to static wedges with opening angle 2νi,i+1. (d): We
finally push the wedges together to form a more common parametrization of a conical sin-
gularity, and we can then define a continuous angle φˆ covering the whole spacetime which
takes values in the range (0, α) where α =
∑
i 2νi,i+1. The coordinates can then be rescaled
such that the metric takes the form (4.7). Note that we have the same picture when a black
hole forms, except that there is an extra coordinate transformation between panel (b) and
(c) and in panel (c) and (d) the metric is a BTZ black hole metric with unit mass instead
of AdS3.
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from which we can determine pi,i+1 and νi,i+1. 2νi,i+1 is now the total angle of this
static wedge (instead of being the angular deficit). All these N wedges are then
glued together by the identifications, forming a conical singularity with total angle
α =
∑
i 2νi,i+1. By rescaling the coordinates, the spacetime can be written in the
form (4.7), and we obtain that the parameter M is given by M = −α2/(2pi)2. The
mapping from the moving final wedges, to the static wedges, is illustrated in Fig. 4,
and the full solution of three colliding particles forming a new pointlike particle is
shown in Fig. 5.
5.2.2 Formation of a black hole
In the case of a formation of a black hole, we want to map each final wedge ci,i+1 to
a circle sector in the black hole geometry, with parameters ξi,i+1 and µi,i+1. From
equation (4.4), we have the relation
tan Γi,i+1± = ∓ tanh(µi,i+1 ± ξi,i+1) sinh ζi,i+1, (5.25)
from which we can determine ξi,i+1 and µi,i+1. The total angle of such a circle sector
is given by 2µi,i+1, but it is a wedge cut out from a black hole spacetime with metric
(4.6) instead of the AdS3 metric. These N wedges are now glued together, forming
a wedge with total angle α =
∑
i 2µi,i+1. By rescaling the coordinates, we can write
the spacetime in the form (4.7), and the parameter M is obtained as M = α2/(2pi)2.
Figures 6 and 7 show the formation of a black hole from a collision of three and four
particles, respectively.
5.2.3 The event horizon
We will now discuss how to compute the event horizon when a black hole forms. First
let us call the last point, before the spacetime disappears, the last boundary point,
and we will denote the AdS3 manifold where we are cutting out the wedges by M.
Now, inM, this last boundary point is represented by N points, which are identified
by the holonomies of the particles. We will label these points by Pi,i+1, and are thus
the end points of the final wedges ci,i+1 of allowed spacetime (and also the endpoints
of the intersections Ii,i+1). Now consider the backwards lightcones Li,i+1 in M, of
these N last points. We will now show that the restriction of these lightcones to the
allowed spacetime can be used to construct the event horizon. It is clear, that in the
final wedge of allowed space ci,i+1, points outside the lightcone Li,i+1 are causually
disconnected from the last point Pi,i+1. They are also causually disconnected from the
whole boundary in wedge ci,i+1. One might ask the question, if lightrays from these
points can somehow cross the bordering surfaces wi,i+1− = wi+ and w
i,i+1
+ = w
i+1
− of
the wedge ci,i+1, enter another wedge, and then reach the boundary. However, this is
not possible, as we will now show. Let us denote the intersection between the surface
wi,i+1− and Li,i+1 by I−i,i+1. We will now show that the intersection I−i,i+1 is mapped
to the intersection I+i−1,i via the holonomy of particle i, and thus when crossing a
wedge’s bordering surface from inside (outside) a wedge’s lightcone, will always result
in again ending up inside (outside) the neighbouring wedge’s lightcone. This can be
seen from the following three facts:
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1
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t=−pi/2 t=−pi/4 t=0
t=pi/4 t=pi/2 t=3pi/4
Excised geometry
Allowed spacetime
Colliding particles
Resulting particle
Figure 5: Three colliding massive particles forming a new massive particle. The particles
have the same rest mass but particle 1 is released from a different radial position compared to
the other two (or in other words, it has a different boost parameter). The final wedges after
the collision together form a conical singularity spacetime, but where the wedges have been
boosted, and they will keep oscillating forever. Note also that, even though we have marked
which surfaces are identified via the isometries, there will generically be an additional time
shift under the identifications (so curves on the same time slice are generically not mapped
to each other). The parameters pi which determine the orientation of the wedges have been
obtained by solving equations (5.17) and (5.18).
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• The lightcone Li,i+1 is, by definition, composed of all lightlike geodesics ending
on the point Pi,i+1.
• The intersection of Li,i+1 with wi,i+1− or wi,i+1+ , are geodesics, since all these
surfaces are total geodesic surfaces.
• Since both the wedge ci,i+1, and the lightcone Li,i+1, end on the point Pi,i+1,
the intersections will also end on this point.
Thus, since the intersection I−i,i+1 is a geodesic, is located on Li,i+1, as well as end on
Pi,i+1, it must be a lightlike geodesic. Furthermore, since it is located on w
i
+, it is the
unique lightlike geodesics that lies on this two-dimensional surface and ends on Pi,i+1.
A similar argument can be applied to show that also I+i,i+1, the intersection between
wi,i+1+ = w
i+1
− and Li,i+1, is the unique lightlike geodesic on the two-dimensional
surface wi,i+1+ and ends on Pi,i+1. Therefore, since the point Pi,i+1 is identified with
point Pi−1,i and Pi+1,i+2, and the surface wi+ (w
i+1
− ) is identified with wi− (w
i+1
+ ),
the intersections I−i,i+1 (I
+
i,i+1), being the unique lightlike geodesics ending at Pi,i+1
which lies on wi+ (w
i+1
− ), must be mapped to I
+
i−1,i (I
−
i+1,i+2), the unique lightlike
geodesics lying on wi− (w
i+1
+ ) and ending on Pi−1,i (Pi+1,i+2). This gives a complete
characterization of the event horizon in the final wedges of the geometry (which would,
if taking the thin shell N → ∞ limit, correspond to the geometry after the shell).
When the event horizon is outside the final wedges, it will be composed of piecewise
segments of Li,i+1 such that the points inside the event horizon are outside all the
N lightcones Li,i+1. It seems difficult to find a nice expression for the horizon in a
general spacetime, let alone in the N →∞ limit, and we will not pursue that further
in this paper.
5.3 The problem of colliding spinning particles
One interesting generalization would be to collide spinning particles, with the aim
to form rotating black holes. In this section we will attempt to construct such solu-
tions, and show that the construction in [29] does not generalize trivially. A spinning
particle is not defined by a single group element u, but by two elements uL and
uR. The spacetime can then again be constructed by cutting out a wedge like in
the non-spinning case, but the surfaces bordering the wedge w± are now identified
by w− = u−1L w+uR. The trajectory of the particle is now not a set of fixed points
of the isometry. Instead, only the whole geodesic will be invariant, but points on
the geodesic will be mapped to other points on the geodesic. In other words, for a
massive particle, when moving around the geodesic (or equivalently when crossing the
wedge), there will be a shift in the proper time along the geodesic, while for massless
particles there will be a shift in the affine parameter. This means that points on the
geodesic with a particular proper time (or affine parameter) will not be well defined
points in the spacetime, since different points will be identified with one another via
the isometry. Note also that there will be closed timelike curves close to the trajectory.
Now it is very easy to see that collision processes will be problematic. Since dif-
ferent points on the trajectory of each particle will be identified via the isometry, it
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t=−pi/2 t=−pi/3 t=0
t=t1 t=t2 t=t3
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Black hole singularity
Figure 6: Three colliding massive particles forming a BTZ black hole. In this example, there
are no symmetry restrictions, and we have ζi = (1, 1.5, 1.5) and νi = (0.4, 0.8, 0.4). The
final three wedges after the collision all disappear at different times t1, t2 and t3, but note
that all these final points are identified by the holonomies of the particles. The parameters
pi which determine the orientation of the wedges have been obtained by solving equations
(5.17) and (5.18).
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α ψ1
ψ4
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ψ3
t=−pi/2 t=−pi/4 t=−pi/9
t=0 0<t<t1 t=t1
Excised geometry
Allowed spacetime
Event horizon
Particles
Black hole singularity
Particle trajectories
Figure 7: An example of four colliding particles, where they all have the same rest masses
and are released from the same radial position, but the rotational symmetry is broken by the
angles ψi. Specifically, we can parametrize the solution in terms of an angle α ≡ ψ2−ψ1 =
ψ4−ψ3, and then ψ3−ψ2 = ψ1−ψ4 = pi−α. In this particular example, we have α = 3pi/4.
It is clear that the wedges are not symmetric around the trajectories of the particles, and
they “repel” each other as the angle α increases. Note that in this example, two of the final
spacelike geodesics connected to the collision point go “backwards in time”, but this has no
physical significance whatsoever. The parameters pi which determine the orientation of the
wedges have been obtained by solving equations (5.17) and (5.18).
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is impossible to have a well defined collision point. Furthermore, if we try to merge
two particles in a collision process, and thus abruptly change the trajectories, there
will be points that are mapped to parts of the geodesic that have been removed. In
other words, when crossing the wedge close to the collision point, since there will be a
shift in proper time along the geodesic of the particle, one will be mapped to a part of
spacetime that has been removed (that is inside the wedge of the other particle). Such
a construction would thus not represent a consistent solution of Einstein’s equations.
We do not claim that it is impossible to construct spacetimes with colliding spinning
pointlike particles, but at least the standard construction for non-rotating particles
does not immediately work.
6 The N → ∞ limit and emerging thin shell
spacetimes
When taking the limit of an infinite number of particles, we will have νi → 0, while ζi
and piνi will go to constants. It is convenient to introduce continuous interpolating
functions T (ψi) = piνi, Z(ψi) = ζi and also Φ(ψi) = φi,i+1 − ψi which all approach
some finite continuous functions in the limit. We will also assume that the density
of particles remains constant, namely that 2νi = dφρ(ψi), where dφ = ψi+1 − ψi (for
simplicity we will assume that the angles ψi are distributed homogeneously around
the circle). Remember that 2νi, the deficit angle in the restframe, is equal to the mass
of the particle (in units where 8piG = 1). We will thus refer to ρ as the rest mass
density. A straightforward calculation shows that the discrete equations (5.17) and
(5.18) then reduce to the following differential equations
tanT (tan Φ)′ = ρ tan Φ + ρ coshZ tan2 Φ tanT − tanT tan2 Φ− tanT, (6.1)
(tanT )′ sinhZ tan Φ + tanT coshZZ ′ tan Φ− tan2 TZ ′ =
ρ sinhZ
cos2 T
tan Φ− sinhZ tanT − sinhZ coshZ tan2 T tan Φ, (6.2)
where ′ denotes derivative with respect to φ. In the massless limit, where ρ → 0
and Z →∞, we should let tanT coshZ → P and ρ coshZ → 2ρ0, which reduces the
expressions to those in [1].
We will later be interested in computing νi,i+1 from (5.24) or µi,i+1 from (5.25),
for large N . This will require us to compute the difference tan Γi,i+1+ − tan Γi,i+1− to
order 1/N (note that it vanishes at zeroth order). A straightforward calculation shows
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that
tan Γi,i+1− =
tanT coshZ − tan Φ
1 + tan Φ tanT coshZ
+
(1 + tan2 Φ) coshZρdφ
2 cos2 T (1 + tan Φ tanT coshZ)2
+O(
1
N2
),
tan Γi,i+1+ =
tanT coshZ − tan Φ
1 + tan Φ tanT coshZ
+
+
(1 + tan2 Φ)(1 + tan2 T cosh2 Z + tanT sinhZZ ′ + coshZ(1 + tan2 T )(T ′ − ρ2))
(1 + tanT coshZ tan Φ)2
dφ
+O(
1
N2
). (6.3)
Thus we obtain
tan Γi,i+1+ − tan Γi,i+1− =
cos2 T (tanT coshZ)′ − coshZρ+ cos2 T + sin2 T cosh2 Z
(cosT cos Φ + sinT coshZ sin Φ)2
dφ
+O(
1
N2
). (6.4)
We will now compute explicitly the metric in the resulting thin shell spacetimes.
The spacetime will consist of two patches, separated by a timelike shell of matter de-
noted by L. The spacetime outside the shell will either be that of a conical singularity
or that of a BTZ black hole, and the inside will just consist of empty AdS3. This
shell will have a non-trivial embedding in the two patches, specified by the function Z
and the mass density ρ. This is different from the massless shells studied in [1] where
these was only one free function (the energy density) that specified the properties of
the shell. We will write the spacetimes inside and outside L in rotationally symmet-
ric coordinates, even though the total spacetime is not rotationally symmetric. The
coordinate systems will then be discontinuous when crossing L with a non-trivial and
angle dependent mapping, and finding the map from the coordinates inside to the
coordinates outside is the main goal of this section, as well as computing the induced
metric on L. We will separate the two calculations into that of formation of a conical
singularity and that of formation of a black hole. Conceptually these two calculations
are different, as they will rely on applying timelike respectively spacelike isometries
of AdS3, but the end result will essentially be the same but with different signs of the
mass. Although the case of a formation of a conical singularity is not very physical,
the computations are easier to understand and more intuitively visualized, thus it is
recommended to understand it first before doing the black hole computation. We will
work with a finite number of particles first, and then take the limit after we have
transformed the final geometry to a static coordinate system.
6.1 Formation of a conical singularity
In the patch inside the shell, the embedding of the surface L will be determined by
the equation tanχ = − tanhZ(φ) sin t. The geometry outside the shell is consisting of
several moving wedges, and before we take the n→∞ limit, we will have to transform
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these wedges to a static geometry. The coordinates after doing this transformation
will be denoted by (t˜, χ˜, φ˜), and consists of several disconnected (static) wedges, which
are glued together via the isometries, and the metric is still given by (2.4). We will
then “push the wedges together” and define a new continuous angular coordinate φˆ,
see Fig. 4 for an illustration. The metric is now still given by (2.4), but the angular
variable takes values in the range (0, α) (so that the angular deficit is 2pi−α). In the
static coordinates, the wedge labeled by (i, i+1), is a circle sector we will denote cstatici,i+1 ,
which has opening angle 2νi,i+1. Thus when passing c
static
i,i+1 , φˆ will increase by 2νi,i+1.
This means that, in the n→∞ limit, we can write φˆ = φˆ0 +
∑
0≤j≤i 2νj,j+1 +O(1/N)
when φˆ ∈ cstatici,i+1 , where φˆ0 is an overall angular shift (the approximate value of φˆ when
φˆ ∈ cstatic0,1 ). α is of course given by α =
∑
2νi,i+1.
Let us define Zˆ and Tˆ to be the continuous interpolating functions corresponding
to ζi,i+1 and pi,i+1νi,i+1. Then, by taking the limit in equation (5.23) we obtain
tanh Zˆ =
tanT sinhZ
tanT coshZ cos Φ− sin Φ , (6.5)
and from (5.24) and (6.3), we obtain
tan Tˆ cosh Zˆ =
tanT coshZ − tan Φ
1 + tan Φ tanT coshZ
. (6.6)
From this we can also derive the useful relation (see Appendix A)
cos Tˆ = cos Φ cosT + sin Φ sinT coshZ, (6.7)
and using this relation we can immediately derive from (6.5) and (6.6) that
sin Tˆ cosh Zˆ = sinT coshZ cos Φ− sin Φ cosT, (6.8)
sin Tˆ sinh Zˆ = sinT sinhZ. (6.9)
From (5.24), we can also compute
tan Γi,i+1+ − tan Γi,i+1− =
2 cosh Zˆ
cos2 Tˆ
νi,i+1 +O(
1
n2
). (6.10)
Now using (6.4), it can be proven that in the limit we have (see Appendix B)
φˆ = φˆ0 −
∫ φ
0
sin Tˆ
sin Φ
(
cosT − sinT
sinhZ
∂φZ
)
dφ. (6.11)
We will also be interested in the shape of the shell in the (χ˜, t˜, φ˜) coordinates, which
will be specified by a function Z˜. Note that Z˜ will depend non-trivially on Z and
ρ, and this is what makes the computations much more involved compared to the
lightlike case (for the lightlike shells, since the lightlike geodesics are invariant under
the coordinate transformations that bring us to the static coordinate system, the shape
of the shell is the same in both coordinate systems). To determine this, let us first see
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how generic massive geodesics are mapped under the coordinate transformation that
brings us to the static coordinates. It will be useful to work in the static coordinates
(t˜, χ˜, φ˜) before we push the wedges together. Let us assume that some arbitrary
massive geodesic is given by the equation tanhχ = − tanh ξ sin t. The coordinate
transformation to go from the static coordinates is given by (2.9) with ψ = φi,i+1 and
ζ = ζi,i+1. This is mapped to a new geodesic given by tanh χ˜ = − tanh ξ˜ sin t˜ at some
angle φ˜. From (2.9) we obtain then that the radial coordinates are related as
sinhχ = sinh χ˜ tanh ξ
(
cosh ζi,i+1
tanh ξ˜
+ sinh ζi,i+1 cos(φi,i+1 − φ˜)
)
. (6.12)
To see how this coordinate transformation acts on the massive geodesics that the
particles follow, we can set ξ = ζi and ξ˜ = ζ˜i, and in the continuous limit these
become Z respectively Z˜. The embedding equation of the shell will then be tanhχ =
− tanhZ sin t inside the shell, and tanh χ˜ = − tanh Z˜ sin t˜ outside the shell. We also
note that in the limit, we have φ˜− φi,i+1 → Tˆ , thus
sinhχ = sinh χ˜ tanhZ
(
cosh Zˆ
tanh Z˜
+ sinh Zˆ cos Tˆ
)
. (6.13)
To determine Z˜, we can use the relations (2.11) between the proper time and χ and
χ˜, which read
sinhχ = − sinhZ sin τ, sinh χ˜ = − sinh Z˜ sin τ.
(6.14)
This yields
coshZ = cosh Z˜ cosh Zˆ + sinh Z˜ sinh Zˆ cos Tˆ . (6.15)
Analogously, it is also possible to obtain a similar relation by looking at the inverse
transformation, from which we instead obtain
cosh Z˜ = coshZ cosh Zˆ − sinhZ sinh Zˆ cos Φ. (6.16)
From the above equations, we can eliminate cosh Z˜, and then after using (6.7), (6.8)
and (6.9) we can derive the very simple relation
sinh Z˜
sinhZ
= −sin Φ
sin Tˆ
. (6.17)
This together with (6.14), implies a relation between χ˜ and χ when crossing the shell,
namely
sinhχ = −sin Tˆ
sin Φ
sinh χ˜ =
∂φφˆ
cosT − sinTsinhZ ∂φZ
sinh χ˜. (6.18)
This equation is useful when comparing with the massless limit. We now know exactly
how the coordinates are related when crossing the shell, as well as the shape of the
shell in both patches, but it will also be of interest to compute the induced metric. A
convenient time coordinate to use for the intrinsic geometry on the shell is the proper
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time τ of the pointlike particles. As is shown in Appendix C, the induced metric as
seen from the patch inside the shell can be simplified to the form
ds2 = −dτ2 + sin2 τ(sinh2 Z + (∂φZ)2)dφ2. (6.19)
Analogously, the induced metric outside the shell can be computed as
ds2 = −dτ2 + sin2 τ(sinh2 Z˜ + (∂φˆZ˜)2)dφˆ2. (6.20)
Note that φˆ still takes values in the range (0, α).
We will now move to the final coordinate system that is most suitable for thin shell
spacetimes and for applying junction conditions, namely the coordinate system where
the metric inside the shell takes the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dφ2, (6.21)
while the metric outside the shell is
ds¯2 = −f¯(r¯)dt¯2 + dr¯
2
f¯(r¯)
+ r¯2dφ¯2, (6.22)
where we have defined f(r) = 1 + r2 and f¯(r¯) = −M + r¯2. These coordinates are
convenient since they take the same form for both the conical singularity case and
the black hole case (note that for the conical singularity spacetimes we currently
consider, we have M < 0). Both angular coordinates now take values in (0, 2pi), and
the coordinate transformations that brings the metrics to these forms are
r = sinhχ, r¯ =
√−M sinh χ˜,
φ¯ = φˆ√−M , t¯ =
t˜√−M ,
(6.23)
while t and φ remain the same and M is given by
M = −
( α
2pi
)2
, (6.24)
where we recall that (0, α) is the range of the variable φˆ. The embedding of the shell
is now given by
r√
f(r)
= − R√
f(R)
sin t, (6.25)
inside, and
r¯√
f¯(r¯)
= − R¯√
f¯(R¯)
sin(
√−Mt¯), (6.26)
outside, where we have defined sinhZ ≡ R and √−M sinh Z˜ ≡ R¯. In terms of the
proper time, the embedding inside the shell is given by
r = −R sin τ, tan t = √f(R) tan τ, (6.27)
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and
r¯ = −R¯ sin τ, tan(√−Mt¯) =
√
f¯(R¯)√−M tan τ, (6.28)
outside. The induced metric is now given by
ds2 = −dτ2 + sin2 τh2dφ2 = −dτ2 + sin2 τ h¯2dφ¯2, (6.29)
where we have defined h2 ≡ R2 + (∂φR)2f(R) and h¯2 ≡ R¯2 +
(∂φ¯R¯)
2
f¯(R¯)
. It can be proven
explicitly that the induced metric is the same in both coordinate systems, or in other
words that (
dφ¯
dφ
)2
=
h2
h¯2
. (6.30)
This is proved in Appendix D. This is a necessary condition that must be satisfied to
have a consistent geometry. An illustration of this spacetime is shown in Fig. 8.
Defining R and R¯ (or equivalently h and h¯, or Z and Z˜) will determine the whole
spacetime. This will turn out to be a useful parametrization when analysing the ge-
ometry using the junction conditions where we will take the viewpoint that our thin
shell spacetime is defined by the two free functions R and R¯, from which the embed-
ding of the shell and the energy density can be derived. An interpretation in terms
of pointlike particles is not necessary from this point of view.
6.2 Formation of a black hole
When a black hole forms we can no longer map the resulting wedges to circle sectors
of AdS3, essentially since the tip of a resulting wedge will now be a spacelike geodesic.
Instead we must map them to static patches of a BTZ black hole, as specified by
equation (4.6). As explained in Section 4, we do this in two steps. We firs go to a co-
ordinate system (t˜, χ˜, φ˜) where the final geodesics are mapped to “straight” spacelike
geodesics in a constant timeslice, such that the wedges take the form (4.1). These
wedges are still defined in a spacetime with the standard AdS3 metric (2.4). We will
then do another coordinate transformation to a coordinate system (σ, ρ, y) where the
wedges are normal circle sectors, but where the metric takes the form (4.6), a BTZ
black hole with unit mass. We will then again “push the wedges together” and define
a continuous angular coordinate yˆ. Since these final static wedges (denoted by cstatici,i+1 )
will have an opening angle of 2µi,i+1, the coordinate yˆ will increase by 2µi,i+1 when
crossing one such wedge. Thus yˆ = yˆ0 +
∑
0≤j≤i 2µj,j+1 + O(1/N) when yˆ ∈ cstatici,i+1 ,
where yˆ0 is an unimportant overall shift. Note that the spacetime still takes the form
(4.6), a black hole metric with unit mass, since yˆ takes values in (0, α) for some value
α. The correct mass is obtained by rescaling the angular coordinate to the standard
range (0, 2pi).
Since each final wedge is specified by two parameters ζi,i+1 and ξi,i+1 (analogous
to the ζi,i+1 and pi,i+1νi,i+1 in the conical singularity computation), we will define
continuous interpolating functions Zˆ and Xˆ corresponding to these quantities. By
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t(a)
Inside the shell (AdS)
t
(b)
Outside the shell (conical singularity)
Figure 8: An illustration of a massive thin shell spacetime forming a conical singularity.
Panel (a) shows the embedding of the shell in a spacetime with the AdS metric, as seen
from the inside part of the shell. The allowed part of spacetime is inside the plotted surface,
while everything else should be discarded. The surface in (a) is then glued to the surface
in (b) via a non-trivial coordinate transformation. The surface in (b) is embedded in a
spacetime with a conical singularity at the origin, which is shown as the thick black line.
The allowed part of the spacetime is outside the plotted surface in (b) while the inside
part should be discarded. The particular form of the embedding inside the shell has been
taken to be Z(φ) = 1 + 1
2
cos(3φ). To make the illustration possible we are again using the
compactification of the radial coordinate mentioned after equation (2.4)
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then taking the limit in equation (5.23), we obtain
coth Zˆ =
tanT sinhZ
tanT coshZ cos Φ− sin Φ , (6.31)
and from (5.25) and (6.3) we obtain
tanh Xˆ sinh Zˆ =
tan Φ− tanT coshZ
1 + tanT coshZ tan Φ
. (6.32)
From this the following useful relation can be derived (see Appendix A):
cosh Xˆ = cos Φ cosT + sin Φ sinT coshZ. (6.33)
From the above three relations it then follows that
sinh Xˆ sinh Zˆ = − sinT coshZ cos Φ + sin Φ cosT, (6.34)
sinh Xˆ cosh Zˆ = − sinT sinhZ. (6.35)
From (5.25) we have
tan Γi,i+1± = ∓
sinh Zˆ
cosh2 Xˆ
µi,i+1 +O(
1
n2
). (6.36)
The angular coordinate is now given by yˆ = yˆ0 +
∑
2µi,i+1 +O(1/N). By using (6.4),
it can be shown (see Appendix B) that in the limit we obtain
yˆ = yˆ0 −
∫ φ
0
sinh Xˆ
sin Φ
(
cosT − sinT
sinhZ
∂φZ
)
dφ. (6.37)
We will now obtain the relation between the radial coordinates as well as the embed-
ding of the shell. This is a bit more involved than obtaining yˆ, and requires a more
thorough investigation of the two mappings involved to bring us to the static wedges.
This is the same set of coordinate transformations that can be induced by going from
(4.3), to (4.2) and then to a static circle sector in the spacetime with metric (4.6) as
explained in Section 4. We will thus first make a coordinate transformation to bring
the final wedges to the form (4.2), namely given by
sin φ˜ tanh χ˜ = ∓ sin t˜ tanh(µi,i+1 ± ξi,i+1). (6.38)
This is done by using a transformation of the form (2.9) with ζ = −ζi,i+1 and ψ =
φi,i+1, as well as a convenient rotation to bring the spacelike geodesic to the angle
φ˜ = 0. We will now bring the wedges to circle sectors in a black hole background
with unit mass. However, since we will only be interested in the spacetime outside
the horizon, we will use the coordinates (σ, β, y) with metric (4.8). Here, σ is a time
coordinate, β is the radial coordinate, y is an angular coordinate, and the circle sector
has opening angle 2µi,i+1. Note that this only covers the spacetime outside the horizon
which is located at β = 0. As explained in Section 4, this metric can be obtained by
the embedding
x0 = − coshβ cosh y, x2 = coshβ sinh y,
x1 = sinhβ coshσ, x3 = sinhβ sinhσ,
(6.39)
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and we will compute the coordinate transformation by comparing this embedding
with (2.1).
To determine the embedding of the shell in the patch outside the shell, we will
have to see how the massive geodesics, where the particles move, transform through
the two coordinate transformations. The massive geodesics are given by tanhχ =
− tanh ζi sin t, and are first mapped to a geodesic on the form tanh χ˜ = − tanh ζ˜i sin t˜.
Just as in the conical singularity situation, we can obtain a relation between these
two from (2.9). This results in
sinh χ˜ = sinhχ tanh ζ˜i
(
cosh ζi,i+1
tanh ζi
− sinh ζi,i+1 cos(φi,i+1 − ψi)
)
. (6.40)
In the limit, where we replace ζi by Z, ζ˜i by Z˜ and ζi,i+1 by Zˆ, and by using sinhχ =
− sinhZ sin τ and sinh χ˜ = − sinh Z˜ sin τ , this becomes
cosh Z˜ = coshZ cosh Zˆ − sinhZ sinh Zˆ cos Φ. (6.41)
We also note that the inverse transformation can be used to obtain
coshZ = cosh Z˜ cosh Zˆ + sinh Z˜ sinh Zˆ cos Φ˜, (6.42)
where Φ˜ is the continuous version of the angular location of the geodesic in the (t˜, χ˜, φ˜)
coordinates. By now using (6.33), (6.34) and (6.35) we obtain the simple relation
cosh Z˜
sinhZ
= − sin Φ coth Xˆ. (6.43)
However, we are interested in the relation between the radial coordinate β in the
(σ, β, y) coordinate system, thus we will have to compare the embedding (6.39) with
(2.3). Note first, that equation (6.38), after taking the limit, together with tanh χ˜ =
− tanh Z˜ sin t˜, implies the following relation between Z˜ and Xˆ
sin Φ˜ =
tanh Xˆ
tanh Z˜
. (6.44)
Now note that the relation tanh χ˜ = − tanh Z˜ sin t˜, which defines the trajectory of
the geodesics, is equivalent to x21 +x
2
2 = tanh
2 Z˜x20 by comparing with the embedding
(2.3). By using x0 = coshβ cosh y and x2 = coshβ sinh y, as well as x1 = sinh χ˜ cos φ˜
and x2 = sinh χ˜ sin φ˜, we obtain for the trajectory of the particles in the (σ, β, y)
coordinates that
tanh2 Z˜ cosh2 β = x21 +
x22
cosh2 Z˜
= (cos2 Φ˜ +
sin2 Φ˜
cosh2 Z˜
) sinh2 χ˜
=
sinh2 χ˜
cosh2 Xˆ
=
sinh2 χ sinh2 Z˜
sinh2 Z cosh2 Xˆ
⇒ coshβ = − sin Φ
sinh Xˆ
sinhχ, (6.45)
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where we also used (6.43) in the last equality. Thus if we define the “boost parameter”
B such that coshβ = − coshB sin τ , which specifies the embedding of the shell in the
outside patch, we obtain the relation
coshB
sinhZ
= − sin Φ
sinh Xˆ
. (6.46)
which is similar to what was obtained in the conical singularity case. We also want
to know how the time coordinate σ is related to β on the geodesic. By again using
(6.39) in the relation x21 + x
2
2 = tanh
2 Z˜x20, it is easy to show that
cothβ = cothB coshσ. (6.47)
Thus we see for instance, that the maximal distance β = B corresponds to σ =
0, and that σ → ∞ when β approaches the horizon which is located at β = 0.
This is expected to happen; shells collapsing to a black hole, in “Schwarzschild like“
coordinates (which we are using here), will not cross the horizon and these coordinates
do not describe the whole spacetime outside the shell (only the part that is outside
the horizon). From this we can also obtain the relation between σ and the proper
time τ , which is
tanhσ = − cot τ
sinhB
, (6.48)
from which we also see that σ →∞ already at some finite value of τ < 0, as expected.
The induced metric can now also be derived (see Appendix C). The induced met-
ric seen from the coordinate patch inside the shell will be the same as computed in
the conical singularity case, namely given by
ds2 = −dτ2 + sin2 τ(sinh2 Z + (∂φZ)2)dφ2. (6.49)
Seen from the patch outside the shell, the induced metric is
ds2 = −dτ2 + sin2 τ(cosh2B + (∂yˆB)2)dyˆ2. (6.50)
We will now, just like in the conical singularity case, move to more conventional
metrics decribing a black hole, and which are more convenient for using the junction
formalism. The metric inside the shell takes the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dφ2, (6.51)
while the metric outside the shell is
ds¯2 = −f¯(r¯)dt¯2 + dr¯
2
f¯(r¯)
+ r¯2dφ¯2, (6.52)
where we now have M > 0, and we have again defined f(r) = 1 + r2 and f¯(r¯) =
−M + r¯2. The coordinate transformation to go to these coordinates is now
r = sinhχ, r¯ =
√
M coshβ,
φ¯ = yˆ√
M
, t¯ = σ√
M
.
(6.53)
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while t and φ remain the same and M is given by
M =
( α
2pi
)2
, (6.54)
where (0, α) was the range of the variable yˆ. The embedding of the shell is given by
r√
f(r)
= − R√
f(R)
sin t, (6.55)
inside, and
r¯√
f¯(r¯)
=
R¯√
f¯(R¯)
cosh(
√
Mt¯), (6.56)
outside, where we have defined sinhZ ≡ R and √M coshB ≡ R¯. In terms of the
proper time, the embedding inside the shell is again given by
r = −R sin τ, tan t = √f(R) tan τ, (6.57)
and
r¯ = −R¯ sin τ, coth(√Mt¯) = −
√
f¯(R¯)√
M
tan τ, (6.58)
outside. Note that the embedding of the t coordinate takes a different form compared
to the conical singularity case, and thus we must be careful when applying the junction
formalism. The induced metric is now given by
ds2 = −dτ2 + sin2 τh2dφ2 = −dτ2 + sin2 τ h¯2dφ¯2, (6.59)
where we have defined h2 ≡ sinh2 Z + (∂φZ)2 = R2 + (∂φR)
2
f(R) and h¯
2 ≡ M cosh2B +
(∂φ¯B)
2 = R¯2 +
(∂φ¯R¯)
2
f¯(R¯)
. Again we have the consistency condition dφ¯/dφ = h/h¯ which
says that the induced metric is the same in both patches (see Appendix D). In Fig. 9
we show an illustration of what these thin shell spacetimes look like.
7 Stress-energy tensor and the junction for-
malism
In this section we will use the Israel junction formalism for timelike shells, as outlined
in [36] and [37], to compute the stress-energy tensor of the thin shell spacetimes that
we have built from the pointlike particles.
The starting point is the two metrics
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dφ2, (7.1)
and
ds¯2 = −f¯(r¯)dt¯2 + dr¯
2
f¯(r¯)
+ r¯2dφ¯2, (7.2)
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t(a)
Inside the shell (AdS part)
t
(b)
Outside the shell (black hole part)
Figure 9: Illustration of the massive thin shell spacetimes with an angle dependent em-
bedding. Panel (a) shows the embedding of the shell in a spacetime with the AdS metric,
as seen from the inside part of the shell. The allowed part of spacetime is inside the plotted
surface, while everything else should be removed. The surface in (a) is then glued to the
surface in (b) via a non-trivial coordinate transformation. The surface in (b) is embedded
in a spacetime with the BTZ black hole metric, and the allowed spacetime is now the part
outside the plotted surface, while the inside should be discarded. Note that in (b) we are
using coordinates that only cover the region outside the horizon, which is why the shell gets
stuck at the horizon for late times. However, in (a) we also cover parts of the spacetime
inside the event horizon, and in particular the collision point of the shell when it forms the
singularity. The intersection of the horizon with the shell is seen as the thick line in (a),
which is mapped to infinite time in the spacetime in (b). When crossing the shell inside
the black line one is thus mapped to the inside of the black hole outside the shell, which is
not covered by the coordinates we are using. The particular form of the embedding inside
the shell has been taken to be Z(φ) = 1 + 1
2
cos(3φ). To make this illustration possible, the
radial coordinates have been compactified. For panel (a) it is the same compactification
used in the rest of the paper (as specified after equation (2.4)), and for the black hole
spacetime in panel (b) the radial coordinate r is defined in terms of β by r = tanh(s/2)
where sinh s = cosh β.
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where the barred quantities are outside the shell and non-barred quantities inside the
shell. We have also defined f(r) = 1 + r2 and f¯(r¯) = −M + r¯2. For the formation
of a conical singularity (black hole), we have M < 0 (M > 0). The embedding of
the shell, as was obtained in the pointlike particle construction or can be obtained
by just assuming that each point on the shell follows a radial geodesic, is given inside
the shell by
r√
f(r)
= − R√
f(R)
sin t, (7.3)
or in terms of the proper time τ by
r = −R sin τ, tan t = √f(R) tan τ. (7.4)
Outside the shell it is given by
r¯√
f¯(r¯)
=
R¯√
f¯(R¯)
×
{
cosh(
√
Mt¯), M > 0
sin(
√−Mt¯), M < 0 (7.5)
or in terms of the proper time τ by
r¯ = −R¯ sin τ,
{
coth(
√
Mt¯) = −
√
f¯(R¯)√
M
tan τ, M > 0
tan(
√−Mt¯) =
√
f¯(R¯)√−M tan τ, M < 0
(7.6)
outside, for two arbitrary functions R and R¯, which we will here use to define these
spacetimes (so at this point, no reference to the other quantities that were defined
or computed in the pointlike particle construction is needed). These two functions,
together with how the coordinates are related when crossing the shell, completely
specify the spacetime. The induced metric is
ds2 = −dτ2 + sin2 τh2dφ2 = −dτ2 + sin2 τ h¯2dφ¯2, (7.7)
where h2 = R2 +
(∂φR)
2
f(R) and h¯
2 = R¯2 +
(∂φ¯R¯)
2
f¯(R¯)
, and the angular coordinates when
crossing the shell are related by
dφ¯
dφ
=
h
h¯
, (7.8)
which must hold to make sure that the induced metric is the same from both sides
(this is a necessary condition that must be satisfied for the junction formalism to be
applicable, and we also showed that this follows in the pointparticle construction). It
might be convenient to specify R¯ as a function of φ instead as of as a function of φ¯.
In that case we can obtain h¯ in the following way:
h¯2 =R¯2 +
(∂φ¯R¯)
2
f¯(R¯)
= R¯2 +
(∂φR¯)
2
f¯(R¯)
h¯2
h2
⇒ h¯ =
√
f¯(R¯)hR¯√
h2f¯(R¯)− (∂φR¯)2
(7.9)
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We will later in this section show that the stress-energy tensor, as computed from
the junction formalism, has no pressure, and that when computing R and R¯ from the
pointlike particle construction, the energy density coincides with the density of the
pointlike particles, as expected.
By using φ as the angular coordinate in the intrinsic geometry of the shell, a ba-
sis for the tangent vectors of the shell are
eµτ = uµ ≡ x˙µ = (t˙, r˙, 0), e¯µτ = u¯µ ≡ ˙¯xµ = ( ˙¯t, ˙¯r, 0), (7.10)
eµφ ≡ ∂x
µ
∂φ = (∂φt, ∂φr, 1), e¯
µ
φ ≡ ∂x¯
µ
∂φ = (∂φt¯, ∂φr¯,
h
h¯
), (7.11)
where t˙ means derivative with respect to the proper time. Note that eτ and e¯τ also
coincide with the velocities of the shell. We can also use φ¯ as the angular coordinate
on the shell, and in that case we have
eµ
φ¯
= (∂φ¯t, ∂φ¯r,
h¯
h) =
h¯
he
µ
φ, e¯
µ
φ¯
= (∂φ¯t¯, ∂φ¯r¯, 1) =
h¯
h e¯
µ
φ. (7.12)
From now on we will let ′ denote derivative with respect to φ. For completeness, we
will list all first and second derivatives of r, t, r¯ and t¯ with respect to φ and τ . These
are obtained from equations (7.3)-(7.6) and are as follows:
r˙ = −R cos τ, ˙¯r = R¯ cos τ, (7.13a)
r′ = −R′ sin τ, r¯′ = −R¯′ sin τ, (7.13b)
t˙ =
√
f(R)
f(r)
, ˙¯t =
√
f¯(R¯)
f¯(r¯)
, (7.13c)
t′ =
sin τ cos τRR′
f(r)
√
f(R)
, t¯′ =
sin τ cos τR¯R¯′
f¯(r¯)
√
f¯(R¯)
, (7.13d)
r¨ = R sin τ, ¨¯r = R¯ sin τ, (7.13e)
r′′ = −R′′ sin τ, r¯′′ = −R¯′′ sin τ, (7.13f)
t¨ = −
√
f(R)R2 sin(2τ)
f(r)2
, ¨¯t = −
√
f¯(R¯)R¯2 sin(2τ)
f¯(r¯)2
, (7.13g)
r˙′ = −R′ cos τ, t′′ = sin τ cos τ(−(RR
′)2 + (RR′′ + (R′)2)f(R))
f(r)
√
f(R)
3 ,
(7.13h)
˙¯r′ = −R¯′ cos τ, t¯′′ = sin τ cos τ(−(R¯R¯
′)2 + (R¯R¯′′ + (R¯′)2)f¯(R¯))
f¯(r¯)
√
f¯(R¯)
3 ,
(7.13i)
t˙′ =
RR′
f(r)
√
f(R)
, ˙¯t′ =
R¯R¯′
f¯(r¯)
√
f¯(R¯)
, (7.13j)
Note that these equations are only defined if R¯2 ≥ M . This will always be the case
when a conical singularity forms. When a black hole forms, it only holds if R¯, which is
the maximal radial position of the shell, is outside the horizon (which we will always
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assume). The normal vectors n and n¯, which will be spacelike, are defined by the
normalization n ·n = n¯ · n¯ = 1 and that they are orthogonal to the tangent vectors of
the shell. We will also adopt the standard convention that the normal vectors point
from the inside (the AdS3 part) to the outside. These conditions results in the vectors
nµ =
R√
R2 + (R
′)2
f(R)
(
R cos τ,
√
f(R)
f(r)
,
R′√
f(R)
sin τ
)
, (7.14)
and
n¯µ =
√√√√√R2 − (R¯′)2f¯(R¯) + (R′)2f(R)
R2 + (R
′)2
f(R)
(
R¯ cos τ,
√
f¯(R¯)
f¯(r¯)
,
R¯′√
f¯(R¯)
sin τ
)
. (7.15)
We will also need the extrinsic curvatures, which are defined by
Kij ≡ nµ
(
∂2xµ
∂ξi∂ξj
+ Γµνρ
∂xν
∂ξi
∂xρ
∂ξj
)
. (7.16)
The intrinsic stress-energy tensor Sij of the shell can now be computed from the
junction conditions [36–38] as
[Kij − γijK] = 8piGSij , (7.17)
where [X] = X¯ − X, γij is the induced metric and K is the trace of the extrinsic
curvature. For simplicity we will restrict to using the coordinate φ for describing the
intrinsic geometry on the shell, but it is possible to translate the results as a function
of φ¯ by using the relation between φ¯ and φ. Using equation (7.17) and our explicit
form of the induced metric, equation (7.7), the stress-energy tensor is then expressed
in terms of the extrinsic curvatures as
8piGSττ =
K¯φφ −Kφφ
sin2 τ(R2 + (R
′)2
f(R) )
, (7.18)
8piGSτφ = 8piSφτ = K¯τφ −Kτφ, (7.19)
8piGSφφ = sin
2 τ(R2 +
(R′)2
f(R)
)(K¯ττ −Kττ ). (7.20)
The Christoffel symbols computed from a metric of the form (7.1) are
Γttr =
f ′(r)
2f(r) , Γ
r
tt =
f ′(r)f(r)
2 , Γ
r
rr = − f
′(r)
2f(r) ,
Γrφφ = −rf(r), Γφrφ = 1r ,
(7.21)
and with analogous expressions outside the shell. From this it is straightforward to
compute the extrinsic curvatures, and we obtain that
Kτφ = K¯τφ = Kττ = K¯ττ = 0, (7.22)
which implies that the only non-zero component of the stress-energy tensor is Sττ
(the energy density). In other words, the stress-energy tensor is diagonal (no momen-
tum flux in the angular direction) and has no pressure. This is consistent with the
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interpretation of the shell as composed of pointlike particles falling in radially. The
only non-trivial extrinsic curvatures are Kφφ and K¯φφ, which are given by
Kφφ
sin τ
≡
R2
√
f −R
(
R′′√
f
− R√
f
3 (R
′)2
)
+ 2 (R
′)2√
f
(R2 + (R
′)2
f )
1
2
, (7.23)
and
K¯φφ
sin τ
≡
[(
R2 +
(R′)2
f
)2 √
f¯
R¯
−
(
R2 +
(R′)2
f
)
(R¯′)2√
f¯ R¯
+RR′
R¯′√
f¯
− (R2 + (R
′)2
f
)
(
R¯′′√
f¯
− R¯√
f¯
3 (R¯
′)2
)
+
(
R′′√
f
− R√
f
3 (R
′)2
)
R′√
f
R¯′√
f¯
]
× 1
(R2 + (R
′)2
f )
1
2 (R2 + (R
′)2
f − (R¯
′)2
f¯
)
1
2
. (7.24)
Here we are using a shorthand notation where f = f(R) and f¯ = f¯(R¯). We have
written them in terms of R¯ and R to be consistent with the rest of the notation in
this section, but it should be pointed out the the expressions take a simpler form
when written in terms of the quantities Z and Z¯ or B which are used in Section 6.
An explicit expression where we have made the substitution R = sinhZ can be found
in Appendix E. The calculation of these curvatures are a bit lengthy but in principle
straightforward, and can be done using a symbolic manipulation software. The only
non-zero componenet of the stress-energy tensor, Sττ , is then obtained from (7.18).
So far we have not assumed that this spacetime is composed of pointlike particles, but
instead we took the metrics and the embedding of the shell, given by the functions
R and R¯, as the definition. If we thus want a spacetime with a particular energy
density and particular starting position of the shell (which are the two physically
reasonable quantities to parametrize such a spacetime with), we would have to tune
R¯ such that Sττ equals to a particular desired profile as a function of φ, which would
requiring solving a relatively complicated second order ordinary differential equation
with periodic boundary bonditions. However, if we assume that the spacetime arises
due to the point particle construction developed in this paper, R¯ can in principle be
computed in terms of ρ. It can be proven that (see Appendix E)√
f¯(R¯)
R¯
=
1
R
(coshZ cosT − cot Φ sinT ) , (7.25)
where T and Φ are the quantities introduced in Section 6. Thus to obtain R¯ in terms
of ρ, we first solve the differential equations (6.1) and (6.2) with periodic boundary
conditions to obtain T and Φ in terms of ρ, and then use equation (7.25). This
looks quite involved and nothing indicates that it is possible to express R¯ analytically
in terms of ρ, but it can be proven (see Appendix E) that the stress-energy tensor
simplifies to the form
8piGSpoint−particlesττ = −
ρ
sin τ
√
R2 + (R
′)2
f(R)
. (7.26)
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This result makes sense intuitively, since the denominator is just the length element on
the shell, and this thus represents the rest mass per unit length on the shell. However,
we need to be careful with such naive interpretations, since to really know what we
are talking about we must understand how Sij is related to the stress-energy tensor
that shows up in the right hand side in Einsteins equations. We can then compare
the result to the stress-energy tensor of a pointlike particle, equation (3.15), which
we will do this in Section 7.1. Note also that the result is positive, since τ < 0.
This point-particle limit can be used as a useful tool for finding thinshell solutions
with a particular energy profile, which seems to be easier than solving the differential
equation for R¯ arising from (7.18) directly. We also want to stress that even if ρ is
more relevant when specifying initial data, knowing R¯ is still crucial if we want to
understand how the spacetime after the shell is linked to the spacetime before the
shell and exactly how the shell is embedded.
Now the Einstein equations look like
Rµν − 1
2
Rgµν + Λgµν = 8piGT
µν = 8piGαδ(F (xµ))Sµν , (7.27)
where F = 0 determines the embedding of the shell and α is a function to be deter-
mined. The tensor Sµν is defined by the relation
Sµν = eµi e
ν
jS
ij . (7.28)
This ensures that Sij is the induced tensor of Sµν on the shell and that Sµνn
µ = 0. α
should be determined such that α
∫
δ(F )dn = 1, meaning that αδ(F ) has the standard
delta-function normalization when we integrate along the direction which is normal
to the surface. By expanding F in the normal direction around the shell, we thus see
that α = |∂µFnµ|. F will be chosen as
F = t+ arcsin
(
r
√
1 +R2
R
√
1 + r2
)
, (7.29)
by virtue of equation (7.3). This has the advantage that, in the lightlike limit where
R→∞, we have F → t+ arctan(r) = v, where v is the standard infalling coordinate
that is commonly used when describing AdS3-Vaidya type spacetimes. Note that
∂µF ∝ nµ, and a straightforward computation shows that
α =
√
R2 + (R
′)2
f(R)
R2 cos τ
. (7.30)
Since Sττ is the only non-zero component, the stress-energy tensor in the (t, r, φ)
coordinates is given by Sµν = eµτ eντS
ττ . By using the relations (7.4), (7.13a) and
(7.13c) we obtain
8piGT tt = α f(R)
f(r)2
δ(F (xµ))Sττ ,
8piGT rt = −αR cos τ
√
f(R)
f(r) δ(F (x
µ))Sττ ,
8piGT rr = αR2 cos2 τδ(F (xµ))Sττ .
(7.31)
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If we use the relation (7.26) to relate Sττ to ρ, we obtain
8piGT ttpoint−particles = ρ
f(R)√
f(r)
5
Rr cos t
δ(F (xµ)),
8piGT rtpoint−particles = −ρ
√
f(R)
f(r)r δ(F (x
µ)),
8piGT rrpoint−particles = ρ
cos t
√
f(r)R
r δ(F (x
µ)),
(7.32)
where we also used the relations cos τ =
√
f(r) cos t and r = −R sin τ .
7.1 Comparing to the stress-energy tensor of a pointlike
particle
We could also compute this stress-energy tensor by adding up the stress-energy tensor
contributions of an infinite number of pointlike particles, by using the expression
(3.15). To build a thin shell, we would again thus place N particles with such a
stress-energy tensor at angles ψi = 2pii/N , with masses and boost parameter given by
8piGm = ρ(ψi)dφ and ζi = Z(ψi), where dφ = 2pi/N . To translate to the quantities
used in this section, we use the relations sinhχ = r, coshχ =
√
f(r), sinhZ = R and
coshZ =
√
f(R) to eliminate Z and χ. To transform the delta function in (3.15) to
the one used here, we use
δ(tanhχ+ tanh ζi sin t) =
√
1 +R2δ(F (xµ))
R cos t
. (7.33)
We thus obtain that such a particle at angle φ = ψi, with mass m = ρdφ/8piG, has
stress-energy tensor
8piGT tti = ρdφδ(φ− ψi)δ(F (xµ)) f(R)√
f(r)
5
Rr cos t
,
8piGTχti = −ρdφδ(φ− ψi)δ(F (xµ))
√
f(R)√
f(r)
3
r
,
8piGTχχi = ρdφδ(φ− ψi)δ(F (xµ)) cos tRr√f(r) ,
(7.34)
When taking the limit, we have
∑
i dφδ(ψi−φ)→ 1, and after transforming the tensor
indices by using ∂r/∂χ =
√
f(r), we again obtain (7.32). This is a very non-trivial
consistency check on the computations carried out in this paper.
8 The massless limit revisited
In this section we will take the massless limit and in particular recover some of the
results in [1] for massless shells. Note that, although the limit will result in a lightlike
shell that is bouncing off the boundary, it is trivial to modify it such that the shell is
instead created at the boundary. This is done by just removing the part of the shells
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worldsheet that exists before it hits the boundary and we will always assume that we
are considering this modification. From an AdS/CFT point of view, it can be argued
that these shells are more interesting than the bouncing shells (or the massive shells
considered in this paper), since they correspond to an instantaneous energy injection
in the boundary field theory. The interpretation in AdS/CFT of a massive shell in
the bulk is less clear.
In the massless limit, where R, R¯ → ∞, it is convenient to introduce the infalling
coordinate v = t+ arctan(r) instead of t, and the spacetime then takes the form
ds2 = −fdv2 + 2dvdr + r2dφ2, v < 0,
ds2 = −f¯dv2 + 2dvdr¯ + r¯2dφ¯2, v > 0, (8.1)
where again f = 1+r2 and f¯ = −M+r¯2. This would be the standard thin shell AdS3-
Vaidya spacetime, except that we still have a non-trivial coordinate transformation
when crossing the shell. Specifically, when crossing the shell at v = 0, the coordinates
(r, φ) and (r¯, φ¯) are in the limit related by
R
R¯
=
r
r¯
= H ′(φ), φ¯(φ) = H(φ), (8.2)
for some function H(φ), and we use ′ to denote derivative with respect to φ. This
relation follows from (6.11) and (6.18) in the conical singularity derivation, and (6.37)
and (6.45) in the black hole derivation, and ensures that the induced metric is well
defined. H is thus defined as the mapping between φ¯ and φ when crossing the shell.
8.1 Stress-energy tensor in the massless limit
We will in this section compute the stress energy tensor in the massless limit. As was
also explained in Section 7, the stress-energy tensor that shows up in the Einstein
equations takes the form
8piGTµν = 8piGαδ(F (xµ))eµi e
ν
jS
ij . (8.3)
From (7.30) and (7.29) it is clear that in the limit R→∞, we have α = 1/R+O(1/R2)
and F → v. Since the only non-zero component of S is Sττ , and v˙ → 0, we obtain in
the limit that the only component of the stress-energy tensor T is
T rr = δ(v) lim
R→∞
r˙2Sττ
R
, (8.4)
where Sττ is given by
8piGSττ =
K¯φφ −Kφφ
sin2 τ(R2 + (R
′)2
f(R) )
. (8.5)
Kφφ and K¯φφ are given by (7.23) and (7.24) Now we want to extract the leading
behaviour of Sττ when R → ∞. Starting with the expressions for the extrinsic
curvatures given by (7.23) and (7.24), we eliminate τ via the relation sin τ = −r/R
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(see equation (7.4)) as well as express R¯ and its derivatives in terms of R and H ′
using (8.2), a straightforward calculation results in
8piGSττ =
1
Rr
(
1
2
(1 +M(H ′)2) +
3
2
(
H ′′
H ′
)2
− H
′′′
H ′
)
+O(
1
R2
). (8.6)
Note that the leading behaviour in K¯φφ and Kφφ will cancel out, and thus it is the first
subleading quantities that are relevant. Now, since r˙ = −R cos τ , the stress-energy
tensor in the Einstein equations, given by (8.3), reads
8piGT rr =δ(v)
1
r
(
1
2
(1 +M(H ′)2) +
3
2
(
H ′′
H ′
)2
− H
′′′
H ′
)
=δ(v)
1
r
(
1
2
(1 +M(H ′)2)− {H,φ}
)
. (8.7)
where {F (x), x} denotes the Schwarzian derivative. This is the same result as what
was found in [1] using the junction formalism for lightlike shells directly2.
8.2 CFT stress-energy tensor and continuous coordinate
systems
In the formulation of the thin shell spacetimes that we have presented so far, where
the coordinates are discontinuous across the shell, lightlike shells that are created at
the boundary will thus also have discontinuous boundary coordinates. Inspired by
this, we will construct a new coordinate system that is continuous at the boundary.
This is achieved by applying a large diffeomorphism on the final spacetime, which
changes the physical state and the geometry is no longer interpreted as a pure BTZ
black hole. Instead the spacetime after the shell will manifestly break rotational sym-
metry, and the breaking of rotational symmetry is then no longer purely encoded in
the discontinuities across the shell. We will only compute the first few terms of this
diffeomorphism, in an expansion close to the boundary, since obtaining the full coor-
dinate transformation is quite difficult. This is enough to compute the energy density
modes (that are dual to the stress-energy tensor in the dual CFT) in the resulting
spacetime. Such a formulation is more natural from an AdS/CFT point of view and
much more suitable when computing AdS/CFT observables, which we plan to inves-
tigate in future work. This is a new result, that was not obtained in [1]. It is also
very likely that such “natural coordinates” also exist for the massive shells. This is
however expected to be more difficult since we do not have the discontinuity of the co-
ordinates at the boundary to guide us, and we will not pursue this venue in this paper.
To be able to read off the stress-energy tensor modes easily, we will try to find a
coordinate transformation that makes the coordinates continuous at the boundary as
well as brings the metric for v > 0 to the form
ds2 = dR2 + T+(y+)dy
2
+ + T−(y−)dy
2
− − (e2ρ + T+(y+)T−(y−)e−2ρ)dy−dy+. (8.8)
2Note that the result in [1] is written in terms of the function G ≡ 1/H ′, such that r¯ = Gr.
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As was pointed out in e.g. [40], all metrics of the form (8.8) solve Einsteins equa-
tions for arbitrary T±. According to the standard AdS3/CFT2 correspondence, the
functions T±/8piG are identified with the stress-energy tensor modes of the dual CFT
(see for instance [41]). Let us first try to get some intuition of what we expect from
such a coordinate transformation. The relations between the radial coordinates and
angular coordinates when crossing the shell are r¯ = r/H ′(φ) and φ¯ = H(φ), so this
must be the boundary condition of the coordinate transformation on the shell v = 0
when r¯ → ∞. In other words, if we would try to define new coordinates r˜ and φ˜
that makes the coordinates continuous at the boundary, they must satisfy φ¯ = H(φ˜)
and r¯ = r˜/H ′(φ˜) when r¯ → ∞ and v = 0. Now if we require a flat boundary metric
for all times v > 0, it can be easily shown that this will imply that the coordinate
transformation takes the form
φ¯± v = H(φ˜± v), (8.9)
r¯ = r˜/
√
H ′(v + φ¯)H ′(v − φ¯), (8.10)
when r¯ →∞. This will thus be our boundary conditions on our coordinate transfor-
mation for all times v > 0.
To construct the full coordinate transformation that brings the metric to the form
(8.8), we will first do a change of coordinates such that the metric for v > 0 takes the
form
ds2 = dρ21 +
M
4
(dx2+ + dx
2
−)− (e2ρ1 +
M2
16
e−2ρ1)dx−dx+. (8.11)
As can be easily verified, this is achieved by the following coordinate transformation.
t¯ = v +
1√
M
arccoth
(
1√
M
eρ1 +
√
M
4
e−ρ1
)
, r¯ = eρ1 +
M
4
e−ρ1 , (8.12)
and where x± = t¯±φ¯. For the region inside the horizon, arccoth is replaced by arctanh,
and for the case of formation of a conical singularity, we replace it by arctan and
√
M
by
√−M . This step is partially just going from our infalling coordinates back to the
global time coordinates used in the rest of the paper. Now we will construct the rest
of the coordinate transformation enforcing the boundary conditions (8.9) and (8.10)
that brings the metric to the form (8.8). By expanding the coordinate transformation
in an expansion close to the boundary, we obtain
x± =H(y±) + e−2ρ
H ′′(y∓)H ′(y±)
2H ′(y∓)
+ e−4ρ
[
(H ′′(y∓))2H ′′(y±)
8(H ′(y∓))2
+M
(H ′(y∓))2H ′′(y±)
8
]
+O(e−6ρ),
eρ1 =
eρ√
H ′(y−)H ′(y+)
− e−ρ H
′′(y−)H ′′(y+)
4
√
H ′(y−)H ′(y+)
3 +O(e
−3ρ), (8.13)
which is such that the metric takes the form
ds2 = dρ2 + T (y+)dy
2
+ + T (y−)dy
2
− − (e2ρ + T (y+)T (y−)e−2ρ)dy−dy+, (8.14)
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which is a special case of (8.8) where T+(x) = T−(x) ≡ T (x). Of course, we only
obtain (8.14) up to higher orders in e−ρ, but since we know that (8.14) is a solution of
Einsteins equations, we also know that the full coordinate transformation exists and
can in principle be computed to any order. Finite forms of such coordinate trans-
formations have been obtained in the literature (see for instance [42] and references
therein), but for our purposes this is enough, since we are mainly interested in deter-
mining T± (however, to determine the full shape of the shell in the new coordinates
as well as the map between the coordinates when crossing the shell, knowledge of the
full transformation is required). The coordinate transformation (8.13) now implies
that
T (x) =
M
4
(H ′(x))2 − H
′′′(x)
2H ′(x)
+
3
4
(H ′′(x))2
(H ′(x))2
=
M
4
(H ′(x))2 − 1
2
{H,x}, (8.15)
which looks very similar to the result we obtained for the stress-energy tensor of the
shell, equation (8.7). To be more precise, let us denote the stress-energy tensor modes
in the dual CFT by 8piGTCFT± (y±) = T (y±) and write 8piGT rrshell = δ(v)ρshell(φ)/r.
By comparing with (8.7), we thus obtain
TCFT± (φ) =
1
2
(ρshell(φ) +MAdS) (8.16)
The interpretation is thus as follows: The shell has a certain angular dependent
energy density, directly determined by the angular dependence of the energy in the
instantaneous quench in the dual CFT that sourced the shell. This energy density
then directly determines the stress-energy tensor modes of the CFT after the quench.
To be more precise, the energy density of the CFT directly after the instantaneous
quench is equal to the energy distribution of the shell plus the energy density of AdS3.
The energy density in the CFT will then attain a time dependence by splitting up into
the right- and left-moving modes TCFT+ (y+) and T
CFT− (y−). This is similar to what
was obtained in [43, 44] for a related setup. In higher dimensions we expect similar
behaviour, but the two left- and right-moving modes should then also be subjected to
dissipative effects. It is not clear how this analysis would work for the massive shells,
and we will leave that as an interesting open problem.
9 Algorithm for solving (5.17) and (5.18)
In this section we will explain how to solve the discrete equations (5.17) and (5.18)
in practice. Let us denote Φi ≡ φi,i+1 − ψi and Pi ≡ piνi. The goal is thus to
obtain solutions of (5.17) and (5.18) for Pi and Φi with periodic boundary conditions
(meaning PN+1 = P1 and ΦN+1 = Φ1). The equations (5.17) and (5.18) can be
reformulated as
Pi+1 = νi+1−arctan
 sin(Φi + ψi − ψi+1)
sinh ζi+1 cos Φi
tanh ζi
− sinh ζi+1 sin Φisinh ζi tan(νi+Pi) − cos(Φi + ψi − ψi+1) cosh ζi+1
 ,
(9.1)
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Φi+1 = arctan
(
tan(Φi + ψi − ψi+1)(tan νi+1 + tanPi+1)
tanPi+1 − 2 cosh ζi+1 tan(Φi + ψi − ψi+1) tanPi+1 tan νi+1 − tan νi+1
)
.
(9.2)
Note that now the equations are written such that they can be solved recursively:
Given Φi and Pi we can determine Pi+1, and then given Φi and Pi+1 we can compute
Φi+1. However, we have to make sure that the periodic boundary conditions ΦN+1 =
Φ1 and PN+1 = P1 are satisfied. We will start by considering some special cases where
the problem has reflection symmetry in some axis.
9.1 Axis of symmetry through one of the particles
We will first assume that there is a reflection symmetry that passes through particle
1. This implies that the wedge for this particle is symmetric, i.e. p1 = 0, which
will simplify the computation. Assuming then that we know Φ1, we can from (9.1)
compute p2. Thereafter we can use (9.2) to compute Φ2. The algorithm can then be
continued to obtain all values of Φi and Pi. When we have moved one lap around the
circle and come back to ψ1 however, the periodic boundary conditions will generically
not be satisfied for an arbitrary guess of Φ1. To obtain the correct value of Φ1 we
thus use a Newton-Rhapson solver (or other root finding algorithms) to search for the
correct value of Φ1 such that the periodic boundary condition is satisfied. Note that
this does not obviously imply that the periodic boundary condition of Pi is satisfied,
and indeed there are sometimes spurious solutions where Φi is periodic but not Pi.
Thus we must now choose the right solution for Φi such that pN+1 = 0 and it seems
that there will always exist such a solution. This is the technique used for finding the
parameters for Fig. 5.
9.2 Axis of symmetry between two particles
The other possible case one can consider that has an axis of symmetry, is when the
axis of symmetry lies in between two particles, taken conveniently as particles N and
1. In this case, the symmetry restriction will then instead determine the value of
Φ0 ≡ φN,1 − ψN . Thus we start instead by guessing the value of p1. From Φ0 and
p1 we then compute Φ2, and then we can continue this algorithm and compute all
values of Pi and Φi recursively. We can then use a root finder to make sure that Pi is
continuous, but again we are not guaranteed that Φi is periodic. Thus we must again
choose the correct solution of P1 such that also ΦN = Φ0, and such a solution always
seems to exist. This is the method used to obtain the parameters in Fig. 7.
9.3 No symmetry restrictions
In the case without any symmetry restrictions, the procedure is in practice more
complicated although coneptually the same. In that case we first have to guess both
p1 and Φ1, recursively construct all other pi and Φi and then use a two-dimensional
root finder to make sure that p1 = pN+1 and Φ1 = ΦN+1. This is the method used
when computing the parameters for Fig. 6.
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10 Summary and conclusions
We have studied collisions of massive pointlike particles in three-dimensional gravity
with negative cosmological constant. It was found that we can construct spacetimes
with an arbitrary number of particles with any masses and at any angles, colliding
to form either a new massive particle or a BTZ black hole. We also took the limit
of an infinite number of particles and constructed a new class of spacetimes with a
massive thin shell collapsing to a black hole. These thin shell spacetimes are very
non-trivial, since both the equation for the location of the shell as well as the mass
density depends on the angular coordinate. Previously only rotationally symmetric
massive thin shells had been studied in the literature (non-rotationally symmetric
massless shells were studied in [1] using similar methods as in this paper). We then
analyzed these thin shell spacetimes using the junction formalism of general relativity,
and computed the stress-energy tensor of the shell. We obtain perfect agreement with
what is expected by adding up the stress-energy contribution of each individual par-
ticle, which is a very non-trivial check on the techniques developed in this paper. We
also investigated the massless limit, obtaining agreement with the result in [1]. For
the massless shells, we also showed, by doing a coordinate transformation that makes
the coordinates continuous at the boundary, that the resulting spacetimes should not
really be interpreted as a static black hole (or static conical singularity). Rather,
they should be interpreted as spacetimes that have many non-trivial Virasoro modes
excited, packaged into the stress-energy tensor modes TCFT± of the dual CFT, with
the only constraint that the functions TCFT+ (x) and T
CFT− (x) are equal.
The thin shell spacetimes that we constructed in this paper are pressureless, as ex-
pected since they are composed of radially falling pointlike particles. However, for the
homogenous case it is easy to construct massive shells that have non-zero pressure (see
for instance [26], [27]). It would be interesting to try to build thin shells with pressure
by adding up an infinite number of pointlike particles, which then would not fol-
low radial geodesics. The deviation of the particles trajectories from radial geodesics
should then induce both pressure and momentum density in the shell’s stress-energy
tensor. It would also be interesting to investigate if it is possible to build thick shells,
by adding up an infinite number of pointlike particles that are not constrained to a
single surface. Such constructions could result in non-rotationally symmetric gener-
alizations of the general AdS3-Vaidya spacetimes (i.e. not the thin shell special case)
and analouges spacetimes with massive shells. We will leave these interesting, but
possibly daunting, questions for future work.
Another interesting problem is what the properties of the CFT dual of these space-
times are. The massless shells can be interpreted as corresponding to an instantaneous
perturbation in the dual CFT, but the interpretation of massive shells is less under-
stood (but see [28] for some discussions). Studying the dual CFT of these spacetimes,
and computing interesting quantities using the AdS/CFT correspondence such as
two-point functions and entanglement entropies (which has only been done in the
rotationally symmetric case [7, 25]) will be the top priority for future work.
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A Derivation of equations (6.7) and (6.33)
We will start by deriving the relation
cos Tˆ = cosh Xˆ = cos Φ cosT + sin Φ sinT coshZ, (A.1)
where it is implicit that Tˆ and Xˆ are only defined in the case of a formation of a
conical singularity or a black hole, respectively. This follows from (6.5) and (6.6),
since we have
1
cos2 Tˆ
= 1 + tan2 Tˆ = 1 +
(tanT coshZ − tan Φ)2
(1 + tan Φ tanT coshZ)2
1
cosh2 Zˆ
(A.2)
= 1 +
(tanT coshZ cos Φ− sin Φ)2 − tan2 T sinh2 Z
(cos Φ + sin Φ tanT coshZ)2
(A.3)
=
1 + tan2 T
(cos Φ + sin Φ tanT coshZ)2
(A.4)
=
1
(cos Φ cosT + sin Φ sinT coshZ)2
. (A.5)
(A.6)
Thus we can conclude that
cos Tˆ = ±(cos Φ cosT + sin Φ sinT coshZ). (A.7)
A very similar computation shows that in the case of a formation of a black hole, we
have
cosh Xˆ = ±(cos Φ cosT + sin Φ sinT coshZ). (A.8)
The difficult part when deriving this relation is to determine the sign, and we will
argue that we should always pick the plus sign although we will not be completely
rigorous. First of all, in the homogeneous case where Φ = T = Tˆ = Xˆ = 0, we
must have cos Tˆ = cos Xˆ = 1. In the inhomogeneous case, we will only be inter-
ested in solutions that can be continuously deformed to the homogeneous case, and
it is thus reasonable to expect that we should always choose the plus sign. To make
this argument a bit more solid, we will now argue that sin Φ and sinT will always
have the same sign. This would mean that the right hand side of (A.1) is always
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(strictly) positive, and when continuously deforming a homogeneous solution to a
non-homogeneous one, the plus sign must be kept. The only caveat that remains
is then for solutions where Φ or T would be very large such that cos Φ or cosT can
change sign, but we have plenty of numerical evidence that Φ or T are never that large.
To see that Φ and T always have the same sign, we will start by looking at the
differential equations (6.1) and (6.2). It is easy to see that we have T (φ0) = 0 if and
only if Φ(φ0) = 0, at some point φ0. Moreover, it can be shown that generically T
′
and Φ′ are non-zero at these points, and that we can only have T ′(φ0) = 0 if and
only if Φ′(φ0) = 0. This indicates that T and Φ flip signs at the same points. Now
consider solutions that are small deviations from a homogeneous solution (so that we
only keep terms linear in tan Φ and tanT ). It can be easily shown that these satisfy
tanT/ tan Φ = ρ > 0. Thus for perturbative solutions, tan Φ and tanT always have
the same sign, and together with the fact that for non-perturbative solutions tan Φ
and tanT flip sign at the same points, one can easily convince oneself that Φ and T
always have the same sign.
B Derivation of equations (6.11) and (6.37)
In this section we will prove the mapping between the angular coordinates across the
shell, equations (6.11) and (6.37). These are computed as the sum of the opening
angles of the static wedges. Thus in the conical singularity case, we have
φˆ = φˆ0 +
∑
0≤i<j
2νi,i+1 +O(1/N), (B.1)
when φˆ is inside wedge cstaticj,j+1, while in the black hole case
3
φˆ = φˆ0 +
∑
0≤i<j
2µi,i+1, (B.2)
when φˆ is inside wedge cstaticj,j+1. Let us define (see equation (6.4))
∆Γ ≡ lim
n→∞
1
dφ
[
tan Γi,i+1+ − tan Γi,i+1−
]
=
cos2 T (tanT coshZ)′ − 2 coshZρ+ cos2 T + sin2 T cosh2 Z)
(cosT cos Φ + sinT coshZ sin Φ)2
, (B.3)
where ′ is derivative with respect to φ. By equating equation (6.4) with either (6.10)
or (6.36) we obtain in the limit that
φˆ = φˆ0 +
∫ φ
0
∆Γdφ1 ×
{ cos2 Tˆ
cosh Zˆ
, Point particle
− cosh2 Xˆ
sinh Zˆ
, Black hole
(B.4)
3To be able to do the conical singularity and the black hole case simultaneously, we use φˆ to also denote
the quantity that was called yˆ in Section 5
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After using (6.2) to substitute T ′ we obtain
∆Γ =
(cosT − sinTsinhZZ ′)(cosT − coshZ sinT cot Φ)
(cosT cos Φ + sinT coshZ sin Φ)2 cosh Zˆ
(B.5)
Now using equations (A.1) we obtain
φˆ = φˆ0 +
∫ φ
0
(cosT − sinTsinhZZ ′)(cosT − coshZ sinT cot Φ)
cosh Zˆ
dφ, (B.6)
in the case of formation of a conical singularity, and
φˆ = φˆ0 −
∫ φ
0
(cosT − sinTsinhZZ ′)(cosT − coshZ sinT cot Φ)
sinh Zˆ
dφ, (B.7)
in the case of formation of a black hole. φˆ is still increasing despite the suspicious
sign, since Zˆ < 0. We can simplify this even further by using equations (6.6) and
(6.32) to get rid of Zˆ. This will result in the equations (6.11) and (6.37).
C Derivation of the induced metric
In this section we will prove equations (6.19) and (6.50), and we will start with the
conical singularity case. We will focus on the inside patch, the outside is completely
analogous. Let us restate the problem: We want to compute the induced metric on a
surface given by the equation
tanhχ = − tanhZ(φ) sin t, (C.1)
in the spacetime with metric
ds2 = − cosh2 χdt2 + dχ2 + sinh2 χdφ2. (C.2)
We will use the proper time τ and the angular coordinate φ to parametrize the geom-
etry on this surface. We will restate some useful relations involving the proper time
which are also found in Section 2.1. They are
sinhχ = − sinhZ sin τ, (C.3)
coshχ =
cos τ
cos t
=
√
cos2 τ + sin2 τ cosh2 Z, (C.4)
tan t = coshZ tan τ. (C.5)
The induced metric is computed as
ds2 = γττdτ
2 + 2γτφdτdφ+ γφφdφ
2, (C.6)
where
γττ = − cosh2 χt˙2 + χ˙2
γτφ = − cosh2 χt˙t′ + χ˙χ′
γφφ = − cosh2 χ(t′)2 + (χ′)2 + sinh2 χ
(C.7)
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Here · is derivative with respect to τ and ′ is derivative with respect to φ. From (C.3),
(C.4) and (C.5) we can derive that
χ˙ = − sinhZ cos t, (C.8)
t˙ =
coshZ
cosh2 χ
, (C.9)
χ′ = −coshZ sin τ
coshχ
Z ′, (C.10)
t′ =
sinhZ sin τ cos t
coshχ
Z ′. (C.11)
What we want to show is thus γττ = −1, γτφ = 0 and γφφ = sin2 τ(sinh2 Z+ (∂φZ)2).
The outside patch works analogously.
γττ : We already know that γττ = −1 must hold, since we know that τ is the
proper time, but for completeness we will prove this explicitly here anyway. By using
the relations (C.4), (C.8) and (C.9) we obtain
γττ = − cosh2 χt˙2 + χ˙2 = −cosh
2 Z
cosh2 χ
+ sinh2 Z cos2 t
=
1
cosh2 χ
− cosh2 Z + sinh2 Z cos2 τ︸ ︷︷ ︸
=− cosh2 Z sin2 τ−cos2 τ

= −1. (C.12)
γφφ: It is also straightforward to compute γφφ. We obtain by using (C.3), (C.4),
(C.10) and (C.11) that
γφφ = − cosh2 χ(t′)2 + (χ′)2 + sinh2 χ
= sin2 τ
(
− sinh2 Z cos2 t(Z ′)2 + cosh
2 Z(Z ′)2
cosh2 χ
)
+ sinh2 χ
=
sin2 τ
cosh2 χ
(− sinh2 Z cos2 τ + cosh2 Z) (Z ′)2 + sin2 τ sinh2 Z
= sin2 τ(sinh2 Z + (Z ′)2). (C.13)
γτφ: From (C.8)-(C.11) it directly follows that γτφ = 0.
Now let us consider the black hole case. We thus consider a metric on the form
ds2 = − sinh2 βdσ2 + dβ2 + cosh2 βdy2. (C.14)
In this spacetime our shell is specified by a function B(y) by the equation cothβ =
cothB coshσ and we want to compute the induced metric on this shell. We use y
and the proper time τ as our intrinsic coordinates on the shell. The induced metric
is computed as
ds2 = γττdτ
2 + 2γτφdτdy + γφφdy
2. (C.15)
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where
γττ = − sinh2 βσ˙2 + β˙2,
γτφ = − sinh2 βσ˙σ′ + β˙β′,
γφφ = − sinh2 β(σ′)2 + (β′)2 + cosh2 β.
(C.16)
Now ′ means derivative with respect to y. The equation for the shell can be described
in terms of the proper time by
coshβ = − coshB sin τ, (C.17)
sinhβ =
cos τ
sinhσ
=
√
sin2 τ sinh2B − cos2 τ , (C.18)
cothσ = − sinhB tan τ. (C.19)
The derivatives are
β˙ = − coshB sinhσ, (C.20)
σ˙ =
sinhB
sinh2 β
, (C.21)
β′ = −sinhB sin τ
sinhχ
B′, (C.22)
σ′ =
coshB sin τ sinhσ
sinhβ
B′. (C.23)
The computations are very similar to the conical singularity case.
γττ : By using the relations (C.18), (C.20) and (C.21) we obtain
γττ = − sinh2 βσ˙2 + β˙2 = −sinh
2B
sinh2 β
+ cosh2B sinh2 σ
=
1
sinh2 β
− sinh2B + cosh2B cos2 τ︸ ︷︷ ︸
=− sinh2B sin2 τ+cos2 τ

= −1. (C.24)
γyy: It is also straightforward to compute γφφ. We obtain by using (C.17), (C.18),
(C.22) and (C.23) that
γyy = − sinh2 β(σ′)2 + (β′)2 + cosh2 β
= sin2 τ
(
− cosh2B sinh2 σ(B′)2 + sinh
2B(B′)2
sinh2 β
)
+ cosh2 β
=
sin2 τ
sinh2 β
(− cosh2B cos2 τ + sinh2B) (B′)2 + sin2 τ cosh2B
= sin2 τ(cosh2B + (B′)2). (C.25)
γτy: From (C.20)-(C.23) it directly follows that γτy = 0.
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D Consistency condition on the induced metric
In this section we will prove equation (6.30). This equation states that the relation
between R and R¯ (or equivalently between Z and Z˜ in the conical singularity case,
and between Z and B in the black hole case) is consistent with how φ is related to
φ¯ when crossing the shell, in the sense that the induced metric are the same in both
patches. The (dφ¯2 part of the) metric outside the shell can be written as
γ¯φ¯φ¯dφ¯
2 = (R¯2 +
(∂φ¯R)
2
f¯(R¯)
)dφ¯2 =
(
R¯2
(
dφ¯
dφ
)2
+
(∂φR)
2
f¯(R¯)
)
dφ2 ≡ γ¯φφdφ2. (D.1)
From the inside of the shell the (dφ2 part of the) induced metric is γφφdφ
2 = (sinh2 Z+
(∂φZ)
2)dφ2, and thus what we want to show is that γ¯φφ = γφφ.
We will start by proving the useful relation (7.25), namely that√
f¯(R¯)
R¯
=
1
sinhZ
(coshZ cosT − cot Φ sinT ) . (D.2)
Note also that the above left hand side is equal to coth Z˜ in the conical singularity
case, and equal to tanhB in the black hole case. In the conical singularity case, it
can be obtained by starting with equations (6.15) and (6.16). By solving for coth Z˜
we immediately obtain
coth Z˜
cos Tˆ
=
coshZ cosh Zˆ − sinhZ sinh Zˆ cos Φ
sinhZ cosh Zˆ cos Φ− sinh Zˆ coshZ . (D.3)
Now we can use (6.8) and (6.9) to eliminate Zˆ, and then using (6.7) to eliminate
cos Tˆ , the result (D.2) follows. In the case of a formation of a black hole the same
relation can be proved. By comparing the embedding equations (2.3) and (6.39) at
the point τ = −pi/2 we can obtain sinhB = sinh Z˜ cos Φ˜ and coshB cosh Xˆ = cosh Z˜.
Now By using (6.41) and (6.42) we obtain
tanhB
cosh Xˆ
= tanh Z˜ cos Φ˜ =
cosh Zˆ sinhZ cos Φ− sinh Zˆ coshZ
coshZ cosh Zˆ − sinhZ sinh Zˆ cos Φ . (D.4)
We then use (6.33), (6.34) and (6.35) to eliminate Zˆ and Xˆ, and then equation (D.2)
follows.
The next step is to obtain an expression for ∂φR. This can be obtained by taking the
derivative of (D.2) with respect to φ. This yields
∂φR¯√
f¯(R¯)
(
1− f¯(R¯)
R¯2
)
=∂φT
1
sinhZ
(coshZ sinT + cosT cot Φ) + ∂φΦ
sinT
sinhZ sin2 Φ
+ ∂φZ
1
sinh2 Z
(− cosT + coshZ sinT cot Φ). (D.5)
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Now we can use (6.1) and (6.2) to eliminate ∂φΦ and ∂φT , and (D.2) to substitute
f¯/R¯2. After simplifying the result, we end up with the simple expression
∂φR¯√
f¯(R¯)
= ∂φZ cosT + sinhZ sinT. (D.6)
Now, equations (6.11) and (6.17), or (6.37) and (6.46), both imply that
dφ¯
dφ
=
1
R¯
(sinhZ cosT − sinT∂φZ) . (D.7)
The remainder of the proof is now straightforward. Starting with γ¯φφ, we obtain
γ¯φφ = R¯
2
(
dφ¯
dφ
)2
+
(∂φR)
2
f¯(R¯)
= (sinhZ cosT − sinT∂φZ)2 + (∂φZ cosT + sinhZ sinT )2
= sinh2 Z + (∂φZ)
2
= γφφ. (D.8)
This completes the proof that the induced metric is the same from both sides of the
shell.
E The stress-energy tensor for the shell
In this appendix we will outline how to prove equation (7.26), namely we will eval-
uate the ττ component of the stress-energy tensor of the shell in the case where the
shell is obtained as a limit of pointlike particles. Just as in Appendix D we put
the black hole and conical singularity on the same footing by using R¯(φ) to char-
acterize the shell in the outside patch, but we will now use Z(φ) inside the shell to
simplify some of the expressions. We will use ′ to denote derivatives with respect to φ.
The energy density is then given by
8piGSττ =
K¯φφ −Kφφ
sin2 τ(R2 + (R
′)2
f(R) )
, (E.1)
The extrinsic curvatures Kφφ and K¯φφ inside respectively outside the shell are defined
by (7.16), and can be computed using a symbolic manipulation software. The result
is
Kφφ
sin τ
≡ sinh
2 Z coshZ − sinhZZ ′′ + 2 coshZ(Z ′)2
(sinh2 Z + (Z ′)2)
1
2
, (E.2)
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and
K¯φφ
sin τ
≡
[
(sinh2 Z + (Z ′)2)2
√
f¯
R¯
− (sinh2 Z + (Z ′)2) (R¯
′)2√
f¯ R¯
+ sinhZ coshZZ ′
R¯′√
f¯
(E.3)
− (sinh2 Z + (Z ′)2)
(
R¯′′√
f¯
− R¯√
f¯
3 (R¯
′)2
)
+ Z ′Z ′′
R¯′√
f¯
]
(E.4)
× 1
(sinh2 Z + (Z ′)2)
1
2 (sinh2 Z + (Z ′)2 − (R¯′)2
f¯
)
1
2
, (E.5)
The goal is to write this in terms of ρ, by using the differential equations (6.1) and
(6.2) to eliminate the derivatives. From (D.6) we obtain that
R¯′′√
f¯
− R¯√
f¯
3 (R¯
′)2 = Z ′′ cosT + Z ′ coshZ sinT + T ′(sinhZ cosT − Z ′ sinT ). (E.6)
T ′ can be eliminated using (6.2), which states that
T ′ = ρ− sinT cosT cot Φ− coshZ sin2 T − Z
′ sinT
sinhZ
(coshZ cosT − sinT cot Φ). (E.7)
Note also that
√
sinh2 Z + (Z ′)2 − (R¯′)2
f¯
= sinhZ cosT−Z ′ sinT (see equation (D.8)).
By using (D.2), (D.6), (E.6) and (E.7) and then simplifying the expression using for
example Mathematica, we end up with the remarkably simple result
8piGSττ sin τ = − ρ√
sinh2 Z + (Z ′)2
, (E.8)
which is the same as (7.26) after the substitution sinhZ = R.
F Derivation of equation (5.17)
In this section we will outline how to derive equation (5.17), which is a consistency
condition imposed on the parameters of the wedges such that the geometry after the
collision is consistent. The goal is to find a constraint that will make sure that the
intersection Ii−1,i is mapped to Ii,i+1 via the holonomy of particle i. Recall that Ii,i+1
is the intersection between the surface wi+ and w
i+1
− , and is a radial geodesic at angle
φi,i+1. We will assume that φi−1,i and φi,i+1 are known, and then find a constraint
on the value of pi in terms of these angles. The holonomy of particle i is given by
ui = cos νi + sin νi cosh ζiγ0 − sin νi sinh ζi cosψiγ1 − sin νi sinh ζi sinψiγ2. (F.1)
Ii−1,i will be parametrized as
Ii−1,i = cosh χ˜ cos t˜+ cosh χ˜ sin t˜γ0 + sinh χ˜ cosφi−1,iγ1 + sinh χ˜ sinφi−1,iγ2, (F.2)
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and Ii,i+1 as
Ii,i+1 = coshχ cos t+ coshχ sin tγ0 + sinhχ cosφi,i+1γ1 + sinhχ sinφi,i+1γ2. (F.3)
Now computing u−1i Ii,i+1ui = Ii−1,i, and extracting the coefficients of 1 and γi, gives
the equations
cos t˜ cosh χ˜ = cos t coshχ, (F.4a)
sin t˜ cosh χ˜ =2 sin2 νi cosh ζi sinh ζi cos(φi,i+1 − ψi) sinhχ
− 2 sin νi cos νi sinh ζi sin(φi,i+1 − ψi) sinhχ
+ 2 sin2 νi sin t sinh
2 ζ coshχ+ sin t coshχ, (F.4b)
cosφi−1,i sinh χ˜ =− 2 sin2 νi sinψi sinh2 ζi sin(φi,i+1 − ψi) sinhχ
− 2 sin2 νi cosψi cosh ζi sinh ζi sin t coshχ
− 2 sin2 νi cosφi,i+1 cosh2 ζi sinhχ
+ 2 sin νi cos νi cosh ζi sinφi,i+1 sinhχ
+ 2 sin νi cos νi sinψi sinh ζi sin t coshχ+ cosφi,i+1 sinhχ, (F.4c)
sinφi−1,i sinh χ˜ =− 2 sin2 νi sinψi sinh2 ζi cos(φi,i+1 − ψi) sinhχ
− 2 sin2 νi sinψi sinh ζi cosh ζi sin t coshχ
− 2 sin νi cos νi sinh ζi cosψi sin t coshχ
− 2 sin νi cos νi cosφi,i+1 sinhχ cosh ζi
− 2 sin2 νi sinφi,i+1 sinhχ+ sinφi,i+1 sinhχ. (F.4d)
Since the intersections Ii−1,i and Ii,i+1 are located on wi− and wi+ respectively, we also
have the equations
tanh χ˜ sin(−φi−1,i + Γi− + ψi) = − tanh ζi sin Γi− sin t˜,
tanhχ sin(−φi,i+1 + Γi+ + ψi) = − tanh ζi sin Γi+ sin t, (F.5a)
where
tan Γi± = ± tan((1± pi)νi) cosh ζi. (F.6)
Now we will find a value of pi such that the above equations are solved. This can be
done by first solving for sinh χ˜ in (F.4d), and then substituting that into (F.4c). By
also using (F.5a) to eliminate coshχ and cosh χ˜, we can solve for pi as
tan(piνi) =
sin(φi−1,i + φi,i+1 − 2ψi) sin νi
sin νi cosh ζi cos(φi−1,i + φi,i+1 − 2ψi) + cos νi sin(φi,i+1 − φi−1,i)− cosh ζi sin νi cos(φi,i+1 − φi−1,i) ,
(F.7)
which is equivalent to (5.17). It can now be checked explicitly that also (F.4b) is
satisfied, and then we know from the embedding equation (2.1) that (F.4a) must be
satisfied as well (to be more precise, from (2.1) we obtain that (F.4a) is satisfied up
to a sign, and this sign determines in what interval we choose t˜).
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G Summary of notation
In this appendix we summarize our notation and all the different variables and coor-
dinate systems that have been defined in this paper.
Quantity Discrete
analog
Explanation
χ, t, φ − Coordinates used to describe AdS3, in the original spacetime
where the initial wedges are cut out.
χ˜, t˜, φ˜ − Coordinates that will generically describe AdS3 after a boost
has been applied, and in a collision process (when a conical
singularity forms) they describe the coordinates where the
resulting wedges take the form of static circular sectors in
AdS3.
χ˜, t˜, φˆ − Coordinates describing the spacetime after the static wedges
(after a collision process when a conical singularity forms)
have been pushed together and the angular coordinate is
now continuous (but the range is not 0 to 2pi).
β, σ, y − Coordinates that describe a BTZ black hole with unit mass,
given by the metric (4.8). After a collision process where a
black hole forms, the final wedges will be mapped to static
circular sectors in this geometry.
β, σ, yˆ − Coordinates used after the static wedges (in the case when
a black hole forms) have been pushed together and yˆ is now
continuously parametrizing the whole spacetime (but note
that the range is not 0 to 2pi).
r, t, φ − Coordinates after transforming the AdS part of the space-
time to the metric (6.21), by the transformation sinhχ = r.
r¯, t¯, φ¯ − Coordinates after bringing the final geometry to the form
(6.22), by the transformations given by either (6.23) (in the
conical singularity case) or (6.53) (in the black hole case).
ρ 2νi The mass density of the particles, or more precisely the rest
mass density per unit angle (in units of 1/8piG) or deficit
angle density per unit angle.
− ψi Angular location of the particles in the (χ, t, φ) coordinates.
Z ζi The radial location of the particles at proper time τ = −pi/2,
in the coordinates (χ, t, φ) (or equivalently the boost param-
eter of the particle in those coordinates).
Z˜ ζ˜i The radial location of the particles at proper time τ = −pi/2,
in the coordinates (χ˜, t˜, φ˜) (or equivalently the boost param-
eter of the particle in those coordinates).
B − The radial location of the particles at proper time τ = −pi/2,
in the coordinates (β, σ, y).
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R − The radial location of the particles at proper time τ = −pi/2,
in the coordinates (r, t, φ).
R¯ − The radial location of the particles at proper time τ = −pi/2,
in the coordinates (r¯, t¯, φ¯).
Zˆ ζi,i+1 This is the boost parameter required to bring the final
wedges to a static coordinate system (in the case of for-
mation of conical singularity). In the case of formation of
a black hole, this boost is an intermediate step when tans-
forming the wedges to static wedges (circular sectors in the
BTZ black hole metric with unit mass).
T piνi The parameter associated to a particle’s wedge that specifies
its deviation from being a symmetric wedge.
Φ φi,i+1 − ψi The angle of the radial geodesic of the resulting object that
is between wedge i and i+ 1, minus the anglular location of
particle i.
− νi,i+1 Half the opening angle of a final wedge after it has been
transformed to static coordinates (in the case when a conical
singularity forms).
− µi,i+1 Half the opening angle of a final wedge after it has been
transformed to static coordinates (in the case when a black
hole forms).
Tˆ pi,i+1νi,i+1 The parameter associated to a final wedge after a collision,
that specifies the deviation from it being a symmetric wedge
(in the case when a conical singularity forms).
Xˆ ξi,i+1 The parameter associated to a final wedge after a collision,
that specifies the deviation from it being a symmetric wedge
(in the case when a black hole forms).
− wi± The two surfaces that border one of the wedges associated
to a particle.
− wi,i+1± The two surfaces that border one of the final wedges after
the collision. Note that wi,i+1+ = w
i+1
− and w
i,i+1
− = wi+.
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